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Abstract. We prove a rigidity theorem in Poisson geometry around com- 
pact Poisson submanifolds, using the Nash-Moser fast convergence method. 
In the case of one-point submanifolds (fixed points), this immediately implies 
a stronger version of Conn's linearization theorem [I], also proving that Conn's 
theorem is, indeed, just a manifestation of a rigidity phenomenon; similarly, 
in the case of arbitrary symplectic leaves, it gives a stronger version of the 
local normal form theorem [7] ; another interesting case corresponds to spheres 
inside duals of compact semisimple Lie algebras, our result can be used to fully 
compute the resulting Poisson moduli space |13| . 



Introduction 

Recall that a Poisson structure on a manifold M is a Lie bracket {■, ■} on the 
space C°°(M) of smooth functions on M which acts as a derivation in each entry: 

{/, 9h} = {/, g}h + {/, h}g, f,g,h& C°° (M). 

A Poisson structure can be given also by a bivector it £ X 2 (M) satisfying [%, w] =0 
for the Schouten bracket. The Lie bracket is related to ir by the formula 

(w,dfAdg) = {f,g}, f,geC°°(M). 

The Hamiltonian vector field of a function / g C°°(M) is 

X f = {f,-}GX(M). 

These vector fields span an involutive singular distribution on M, which inte- 
grates to a partition of M into regularly immersed submanifolds called symplectic 
leaves. These leaves are symplectic manifolds, the symplectic structure on the leaf 
S is given by wg := -k^ 1 e Q 2 (S). 

The 0-dimensional symplectic leaves are the points x € M where w vanishes. At 
such a fixed point x, the cotangent space g x = T*M carries a Lie algebra structure, 
called the isotropy Lie algebra at x, with bracket given by 

[d x f,d x g] -.= d x {f, g }, f,geC°°(M). 

Conversely, starting from a Lie algebra (g, [•, •]) there is an associated Poisson struc- 
ture 7r fl on the vector space g*, called the linear Poisson structure, defined by 

So, at a fixed point x, the tangent space T X M = g* carries a canonical Poisson 
structure 7r fl[c which plays the role of the first order approximation of (M, n) around 
x in the realm of Poisson geometry. We recall Conn's linearization theorem pQ : 

Conn's Theorem. Let (AT, ir) be a Poisson manifold and x € M be a fixed point of 
n . If the isotropy Lie algebra g x is semisimple of compact type then a neighborhood 
of x in (M, 7r) is Poisson- diffeomorphic to a neighborhood of the origin in (0^,7r Bx )- 

Conn's proof is analytic, it uses the fast convergence method of Nash and Moser. 
A new proof of Conn's theorem, which uses Poisson-geometric techniques, is now 
available in [5] . This geometric proof was adapted to the case of general symplectic 
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leaves [7J, and the outcome will be explain in the sequel. First recall that the 
cotangent bundle of a Poisson manifold (M, tt) carries a Lie algebroid structure: 
the anchor is tt^ : T*M — > TM and the Lie bracket is 

[a,/3] % = L v t( a )(/3) - J L 7r »( / 3 ) (a) - dn(a,P), a,f3 G T(T*M). 

The restriction this Lie algebroid to a symplectic leaf (S,los) is a transitive Lie 
algebroid A s := T*M\ S over S. 

Conversely, given a transitive Lie algebroid (A, [■, •], p) over a symplectic manifold 
(S,uis), one forms the isotropy bundle of A, q(A) :— kei(p); similar to the linear 
Poisson structures, q(A)* carries a Poisson structure tta, which is well defined on 
a neighborhood N(A) of S (identified with the zero section), such that (S,uis) 
is a symplectic leaf of (N(A),tta) and A can be recovered as the Lie algebroid 
corresponding to this leaf: A = As- The Poisson manifold (N(A),tta) was first 
constructed by Vorbjev 20J to serve as the first order approximation of a Poisson 
structure around a symplectic leaf. 

We recall the following normal form result in this setting (Theorem 1 [7]): 

Theorem (The normal form theorem from [7]). Let (M,tt) be a Poisson manifold 
and (S,u>s) a compact symplectic leaf. If the Lie algebroid Ag is integrable and the 
1-connected Lie groupoid integrating it is compact and its s-fibers have vanishing 
de Rham cohomology in degree two, then a neighborhood of S in (M, 7r) is Poisson- 
diffeomorphic to a neighborhood of the zero section in the local model (N(As),tta s )- 

In the case of fixed points this is equivalent to Conn's result. 

The original goal of this research was to apply Conn's analytic techniques to 
Poisson structures around general symplectic leaves and reprove this theorem. The 
reason for doing this is that Conn's analytic proof seems stronger than the geometric 
one; in particular, as suggested by Crainic, it should imply rigidity of the Poisson 
structure around the fixed point. The precise rigidity property that will be used is: 

Definition. Let {M, tt) be a Poisson manifold and S C M a compact submani- 
fold. We say that tt is CP-C 1 -rigid around S, if there are small enough open 
neighborhoods U of S , such that for all opens O with S C O C O C U , there exist 

• an open neighborhood Vo C X 2 (U) of ir\u in the compact-open C p -topology. 

• a function n H ife, which associates to every Poisson structure tt G Vo an 
open embedding : O M , 

such that is a Poisson diffeomorphism between 

-0? : (0,w\ ) ^ (■05(O),7T| V , i(o) ), 
and ifi is continuous at n = n (with ip„ ~ Id-Q-), with respect to the C p -topology on 
the space of Poisson structures and the ^-topology on C°°(0,M). 

We prove the following improvement of [7 , which also includes rigidity: 

Theorem 1. Let (M,ir) be a Poisson manifold and (S,uis) a compact symplectic 
leaf. If the Lie algebroid As '■= T* M\$ is integrable by a compact Lie groupoid 
whose s-fibers have vanishing de Rham cohomology in degree two, then 

(a) in a neighborhood of S, tt is Poisson diffeomorphic to its local model around S, 

(b) tt is C p -C 1 -rigid around S. 

Already in the case of fixed points, the first part of this theorem gives a slight 
generalization of Conn's result, which cannot be obtained by an immediate adap- 
tation of the arguments in [SJ [7] ■ Namely, a Lie algebra is integrable by a compact 
group with vanishing second de Rham cohomology if and only if it is compact and 
its center is at most one-dimensional (see Lemma [23} • The case when the center 
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is trivial is Conn's result, and the one-dimensional case is a consequence of a result 
of Monnier and Zung on smooth Levi decomposition of Poisson manifolds [TT] . 

However, the main advantage of the approach of this paper over [JJ is that it 
allows for a rigidity theorem around an arbitrary Poisson submanifold. Recall that 
a Poisson submanifold is a submanifold S of (M, tt) such that tt is tangent to 
S. Of course, the symplectic leaves are the simplest type of Poisson submanifolds. 
The main result of this paper is the following rigidity theorem for integrable Poisson 
manifolds. 

Theorem 2. Let (M, tt) be a Poisson manifold for which the Lie algebroid T*M 
is integrable by a Hausdorff Lie groupoid whose s -fibers are compact and their de 
Rham cohomology vanishes in degree two. For ever compact Poisson submanifold 
S of M we have that 

(a) tt is CP-C 1 -rigid around S, 

(b) up to isomorphism, tt is determined around S by its first order jet at S . 

We prove Theorem [1] by applying part (b) of this result to the local model. 
In both theorems, p has the following (most probably not optimal) value: 

p = 7(|_dim(M)/2j +5). 

In part (b) of Theorem [5] we prove that every Poisson structure tt, defined on an 
open containing S, which satisfies j^ s ir — j\ s TT, is isomorphic to tt around S by a 
diffeomorphism which is the identity on S up to first order. 

The structure encoded by the first order jet of tt at S can be organized as an 
extension of Lie algebroids (see Remark 2.2 [12 ) 

(1) — > v* s — > T*M\ S — > T*S — > 0, 

where v* s C T*M\g is the conormal bundle and T*S is the cotangent Lie algebroid 
of the Poisson manifold (S, tt\s)- With this, Theorem Q] follows easily from Theo- 
rem [2j if S is a compact symplectic leaf, then the Poisson structures (M, tt) and 
(N(As), tta s ) have the same first order jet around S (they induce the same exact 
sequence (TT])); moreover, the hypothesis of Theorem [1] implies that Theorem [5] can 
be applied to the local model (N(A$), tta s ) (see Lemma [L2"j) . 

One might try to follow the same line of reasoning and use Theorem [5] to prove a 
normal form theorem around Poisson submanifolds. Unfortunately, around general 
Poisson submanifolds, a first order local model does not seem to exist. Actually, 
there are Lie algebroid extensions as in (fTJ which do not arise as the first jet of 
Poisson structures (see Example 2.3 in [H]). Nevertheless, one can use Theorem^ 
to prove normal form results around particular classes of Poisson submanifolds. 

The paper is organized as follows. In section [JJ after recalling some properties 
of Lie groupoids and Lie algebroids, we describe in detail the local model around 
a leaf and a symplectic groupoid integrating it. We end the section by proving 
that Theorem [2] implies Theorem [TJ Section [5] is an extended introduction to the 
paper, we give a list of applications, examples and connections with related lit- 
erature. In section [3] we apply the Nash-Moser method and proof of Theorem [2l 
The appendix contains three general results on Lie groupoids: existence of invari- 
ant tubular neighborhoods, that ideals are integrable (as representations) and the 
Tame Vanishing Lemma. This last result provides tame homotopy operators for Lie 
algebroid cohomology with coefficients and, when combined with the Nash-Moser 
techniques, it is a very useful tool for handling similar geometric problems (see |14|). 

About the proof. The proof of the rigidity theorem is inspired mainly by Conn's 
paper pQ. Conn uses a technique due to Nash and Moser to construct a sequence 
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of changes of coordinates in which tt converges to the linear Poisson structure 7r flx . 
At every step the new coordinates are found by solving some equations which are 
regarded as belonging to the complex computing the Poisson cohomology of 7r flx . 
To account for the "loss of derivatives" phenomenon during this procedure he uses 
smoothing operators. Finally, he proves uniform convergence of these changes of 
coordinates and of their higher derivatives on some ball around x. 

Conn's proof has been formalized in [TSUI] into an abstract Nash Moser normal 
form theorem. It is likely that part (a) of our Theorem [2] could be proven using 
Theorem 6.8 in [15]. Due to some technical issues (see Remark[2|), we cannot apply 
this result to conclude neither part (b) of our Theorem [5] nor the normal form 
Theorem [TJ therefore we follow a direct approach. 

We also simplified Conn's argument by giving coordinate free statements and 
working with flows of vector fields. For the expert: we gave up on the polynomial- 
type inequalities using instead only inequalities which assert tameness of certain 
maps, i.e. we work in Hamilton's category of tame Frechet spaces. Our proof de- 
viates the most from Conn's when constructing the homotopy operators. Conn 
recognizes the Poisson cohomology of 7r fla . as the Chevalley-Eilenberg cohomology 
of Q x with coefficients in the Frechet space of smooth functions. By passing to 
the Lie group action on the corresponding Sobolev spaces, he proves existence of 
tame (in the sense of Hamilton [10]) homotopy operators for this complex. We, on 
the other hand, regard this cohomology as Lie algebroid cohomology, and prove a 
general tame vanishing result for the cohomology of Lie algebroids integrable by 
groupoids with compact s-fibers. This is done by further identifying this complex 
with the invariant part of the de Rham complex of s-foliated forms on the Lie 
groupoid, and then we use the fiberwise inverse of the Laplace-Beltrami operator 
to construct the homotopy operators. 

Acknowledgments. This project is part of my PhD thesis and was proposed by 
my advisor Marius Crainic. I would like to thank him for his constant help and 
support throughout my work. Many thanks as well to Eva Miranda, Florian Schatz 
and Ivan Struchiner for useful discussions. This research was supported by the ERC 
Starting Grant no. 279729. 

1. Proof of the normal form theorem (Theorem [3] =>■ Theorem [1]) 

In this section we prove Theorem [1] using Theorem[2] For this, we show that the 
normal model constructed out of an integrable Lie algebroid is integrable. 

1.1. Lie groupoids and Lie algebroids. We recall here some standard results 
about Lie groupoids and Lie algebroids, for definitions and other basic properties 
we recommend [TT1I16] , To fix notations, the anchor of a Lie algebroid A —> M will 
be denoted by p; the source and target maps of a Lie groupoid Q =4 M by s and t 
respectively, the unit map by u. 

A Lie groupoid Q =4 M has an associated Lie algebroid A(Q) over M; as a vector 
bundle A{Q) is the restriction to M (i.e. pullback by u) of the subbundle T S Q of TQ 
consisting of vectors tangent to the s-fibers. The anchor is given by the differential 
of t. The Lie bracket comes from the identification between sections of A(Q) and 
right invariant vector fields on Q. 

A Lie algebroid (A, [•,•], p) is called integrable if it is isomorphic to the Lie 
algebroid A(Q) of a Lie groupoid Q =X M. Not every Lie algebroid is integrable 
(see [2]). If a Lie algebroid is integrable, then, as for Lie algebras, there exists up 
to isomorphism a unique Lie groupoid with 1-connected s-fibers integrating it. 

A Lie algebroid A — > M is called transitive if p is surjective. A Lie groupoid is 
called transitive if the map (s, t) : Q — > M X M is a surjective submersion. If Q is 
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transitive then also A(Q) is transitive. Conversely, if A — » M is transitive and M 
is connected, then every Lie groupoid integrating it is transitive as well. 

Out of a principal bundle q : P — > S with structure group G one can construct 
a transitive Lie groupoid Q(P), called the gauge groupoid of P, as follows: 

Q{P) :=Px G P^S, 

with structure maps given by 

sflPl.Pa]) := q{P2), t(\pi,p 2 ]) := q{pi), [pi,P2][p2,P3] ■= \puPs]- 

The Lie algebroid of Q (P) is TP/ G, where the Lie bracket is obtained by identifying 
sections of TP/G with G-invariant vector fields on P. Conversely, every transitive 
Lie groupoid Q is the gauge groupoid of a principal bundle: the bundle is any s-fiber 
of G and the structure group is the isotropy group. So, a transitive Lie algebroid 
A is integrable if and only if there exists a principal G-bundle P such that A is 
isomorphic to TP/G. 

A symplectic groupoid is a Lie groupoid endowed with a symplectic structure 
(Q, ijj) =X M, for which the graph of the multiplication is a Lagrangian submanifold: 

{(#1,52,53) : 5i52 = 53} C (Q x Q x Q,prl(u)+prt{u) -prl(u)). 

This condition is very strong, it implies that the base carries a Poisson structure 
tt such that source map is Poisson and the target map is anti- Poisson. Moreover, 
Q integrates the cotangent Lie algebroid T*M of tt. Conversely, if for a Poisson 
manifold (M, tt) the Lie algebroid T*M is integrable, then the s-fiber 1-connected 
Lie groupoid integrating it is symplectic (see [3]). 

1.2. The local model. Consider a Poisson manifold (M, tt) and let (S,u>s) be an 
embedded symplectic leaf. The structure relevant for our entire discussion is 

(2) the symplectic manifold (S,us) an d the Lie algebroid As := T*M\ S . 

The local model of tt around S, as constructed by Vorbjev [2D], is a Poisson 
manifold (N (As), it As), where N(As) is an open of S (viewed as of the zero section) 
in the normal bundle vg := TM\s/TS, with the following properties (see [14]): 

• tta s is constructed using only the data ([2]), 

• there exists a tubular neighborhood : v$ —> M such that \&*(7ta s ), the 
push forward of tta 3 , has the same first order jet as tt along S. 

On the other hand, the first order jet of tt along S encodes precisely the data (J2J) 
(see Proposition 1.10 in [?])■ 

When As is integrable, we describe the local model more explicitly. In this 
case, because As is transitive, it is isomorphic to TP/G for a principal G-bundlc 
P — » S. So, the relevant data (J2J becomes a principal G-bundle p : P — > S over 
a symplectic manifold (S, wg). To describe the local model, let 9 £ fi 1 (P, g) be 
a principal connection on P, where g denotes the Lie algebra of G. Consider the 
closed G-invariant 2-form won Px g* given by 

uj = p*(uj s ) - d0, where 9 q ^ := (£,#,). 

The open set S where w is nondegenerate is G-invariant and contains P x {0}. We 
have that the map /1 : S — > g*, n(p,£) — £ is an equivariant moment map for the 
action of G. The local model is obtained by symplectic reduction: 

(N(P),tt p ) := (E,u)/G, 

where N(P) := E/G is an open neighborhood of the zero section in the associated 
coadjoint bundle P[fl*]. Moreover, N(P) has (S,u)s) as a symplectic leaf (regarded 
as P x {0}/G), and the Lie algebroid T*N(P)\ S is isomorphic to TP/G. For the 
proofs of all these statements see jTSJ [7] [2] . 
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The resulting Poisson manifold (N(P), wp) is integrable, and we describe a sym- 
plectic groupoid integrating it. Since this result fits in a more general framework, 
we state the following lemma, inspired by [8]: 

Lemma 1.1. Let (E,w) be a symplectic manifold endowed with a proper, free 
Hamiltonian action of a Lie group G and equivariant moment map \i : E — > q* . 
Then E/G is integrable and a symplectic Lie groupoid integrating it is 

0(E) := (Sxj, E)/G =t E/G, 

with symplectic structure Q induced by (s*(w) — i*(^))|sx E- 

Proof. Consider the symplectic groupoid Q := Ex E =4 E, with symplectic structure 
il := s*(oj) — t*(uj). Then G acts on Q by symplectic groupoid automorphism with 
equivariant moment map J := s* \i — t* ji, which is also a groupoid cocycle. By 
Proposition 4.6 in [5], the Marsdcn-Weinstein reduction 

Q//G=J- 1 (0)/G 

is a symplectic groupoid integrating the Poisson manifold E /G. In our case J -1 (0) = 
E x M E and the symplectic form f2 is obtained as follows: the 2-form f2|s x s is 
G-invariant and its kernel is spanned by the vectors coming from the infinitesimal 
action of g. Therefore it is the pullback of a symplectic form fi on (E x M E)/G. □ 

In our setting, the lemma shows that the groupoid integrating the local model 
(N(P),irp) is just the restriction to N(P) of the action groupoid 

Q:= (PxPxq*)/G^P[q*}, 

corresponding to the representation of P Xg P on -P[fl*]. Observe that if P is 
compact, then N(P) contains arbitrarily small opens of the form P[V] := (P x 
V)/G, where V is a G-invariant neighborhood of in g*. These opens are Q- 
invariant, and the restriction of Q to P[V] is (P x P x V)/G. In particular, all its 
s-fibers are diffcomorphic to P. This proves the following: 

Proposition 1.2. The local model (N(P),np) associated to a principal bundle 
P over a symplectic manifold (S, u>s) is integrable by a Hausdorff symplectic Lie 
groupoid. Lf P is compact, then there are arbitrarily small invariant neighborhoods 
U of S, such that all s-fibers over points in U are diffeomorphic to P. 

1.3. Proof of Theorem [2] Theorem Q3 Since A s := T*M\ S is transitive, 
the Lie groupoid integrating it is isomorphic to the gauge groupoid P x q P of a 
principal G-bundlc P — > S. Using the isomorphism of Lie algebroids As = TP/G, 
we obtain an identification of the short exact sequences: 

— > P[g] — > TP/G — >TS — > 

— > v* s — > A s — > TS — ► 0. 

This gives also an isomorphism between vs = P[g*]- A splitting of the first sequence 
is a principal connection on P, and a splitting of the second is equivalent to an 
inclusion of i/g in TM\g. Consider a tubular neighborhood of S in M 

* : v s — > M, 

and denote by 9 the principal connection induced by its differential along S. The 
normal model (N(P), Tip) constructed with the aid of 9 has the property that it and 
^>^(wp) have the same first order jet along S (see [2] for details). By Proposition ll.2l 
there exists U C N(P), an open neighborhood of S, for which Tip\u is integrable by 
a Hausdorff Lie groupoid whose s-fibers are diffeomorphic to P. Since P is compact 
and H 2 (P) = 0, the Poisson manifold (U,TVp\u) satisfies the conditions of Theorem 
[U By part (a), %p\jj is G^-G^rigid around S, and by part (b) irp and tt are Poisson 
diffcomorphic around S, thus tt is also G p -G 1 -rigid around S. 



RIGIDITY AROUND POISSON SUBMANIFOLDS 



7 



2. Remarks, examples and applications 

In this section we give a list of examples and applications for our two theorems 
and we also show some links with other results from the literature. 

2.1. A global conflict. Theorem [2] does not exclude the case when the Poisson 
submanifold S is the total space M, and the conclusion is that a compact Pois- 
son manifold (M, tt) for which the Lie algebroid T*M is integrable by a compact 
groupoid Q whose s-fibers have vanishing H 2 is globally rigid. Nevertheless, this 
result is useless, since the only example of such a manifold is S , for which the triv- 
ial Poisson structure is clearly rigid. In the case when Q has 1-connected s-fibers, 
this conflict was pointed out in [3] , for the general case, see [2] ■ 

2.2. C p -C 1 -rigidity and isotopies. It the definition of C p -C 1 -rigid, we may as- 
sume that the maps ife are isotopic to the inclusion Id^- of O in M by a path of 
diffeomorphisms. This follows from the continuity of ip and the fact that Id-Q has a 
path connected C 1 -neighborhood in C°°(0,M) consisting of open embeddings (for 
details, see [T4"]). 

2.3. A comparison with the local normal form theorem from [7]. Part (a) 
of Theorem [1] is a slight improvement of the normal form result from 7 J . Both the- 
orems require the same conditions on a Lie groupoid, for us this groupoid could be 
any integration of As, but in loc.cit. it has to be the Weinstein groupoid of As (i.e. 
the s-fiber 1-connected). In the sequel we will study two extreme examples which 
already reveal the wider applicability of Theorem [TJ the case of fixed points and 
the case of Poisson structures with trivial underling foliation. For more examples, 
see section 2 in loc.cit. 

2.4. The case of fixed points. Consider a Poisson manifold (M, tt) and let x € M 
be a fixed point of tt. In a chart centered at x, we write 

(3) tt = 2 7Ti ' j ^dx~ A dx~' With 7r * J (°) = °- 

The local model of tt around is given by its first jet at 0: 

1 dTTjj d _d_ 

^—f 2 dxk " dxi dxj ' 

i,j,k 

The coefficients C*^ := d ^ (0) are the structure constants of the isotropy Lie 
algebra (see the Introduction). To apply Theorem[T]in this setting, we need that 
q x is integrable by a compact Lie group with vanishing second de Rham cohomology. 
Such Lie algebras have the following structure: 

Lemma 2.1. A Lie algebra q is integrable by a compact Lie group with vanishing 
second de Rham cohomology if and only if it is of the form 

= J or q = f 8 M, 

where t is a semisimple Lie algebra of compact type. 

Proof. It is well known that a compact Lie algebra q decomposes as a direct product 
= t © 3, where i = [g,g] is semisimple of compact type and 3 is the center of 0. 
Let G be a compact, connected Lie group integrating 0. Its cohomology can be 
computed using invariant forms, hence H 1 (G) = H 1 ^). By Hopf's theorem G is 
homotopy equivalent to a product of odd-dimensional spheres, therefore H 2 (G) = 
A 2 H\G). This shows that: 

(4) H 2 (G) = A'H^G) - A 2 ^) = A 2 (fl/[0,fl])* = A 2 f. 
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So H 2 (G) = implies that dim(j) < 1. 

Conversely, let K be the compact, 1-connected Lie group integrating {. Take 
G = K in the first case and G = K x S 1 in the second. By g]), H 2 {G) = 0. □ 

So, for fixed points, Theorem Q] gives: 

Corollary 2.2. Let (M,tt) be a Poisson manifold with a fixed point x for which 
the isotropy Lie algebra g x is compact and its center is at most one- dimensional. 
Then tt is rigid around x and an open around x is Poisson diffeomorphic to an 
open around in the linear Poisson manifold (g xl ^ g ^)- 

The linearization result in the semisimple case is Conn's theorem [TJ and the case 
when the isotropy has a one-dimensional center is a consequence of the smooth Levi 
decomposition theorem of Monnier and Zung [17j . 

This fits into Weinstein's notion of a nondegenerate Lie algebra [21 . Recall 
that a Lie algebra g is called nondegenerate, if every Poisson structure which has 
isotropy Lie algebra g at a fixed point x, is Poisson-diffeomorphic around x to the 
linear Poisson structure (g* ,n s ) around 0. 

A Lie algebra g, for which 7r g is rigid around 0, is necessarily nondegenerate. To 
see this, consider tt a Poisson bivector given by ([3]), whose linearization at is n g . 
We have a smooth path of Poisson bivectors 7r*, with tt 1 = ir and 7r° = ir g , given by 

where fi t denotes multiplication by t > 0. If tt b is rigid around 0, then, for some 
r > and some t > 0, there is a Poisson isomorphism between 

i> : (B r y) ^> (><p(B r ),Tr B ). 

Now £ := ip(0) is a fixed point of 7r B , which is the same as an element in (q/[q, q])* ■ 
It is easy to see that translation by £ is a Poisson isomorphism of tt b , therefore, 
replacing tp with ip — £, we may assume that "0(0) — 0- By linearity of 7r fl , we have 
that fif(% g ) = jTT g , and this shows that 

*■ = ^Mi/tC 71 "*) = jV*/t(i>*M) = M*/t °f ° Mt(%)i 
which implies that tt is linearizable by the map 

fj, t otpo m/t ■ (B tr ,n) — > (tijj(B r ),ir B ), 
which maps to 0. Thus q is nondegenerate. 

2.5. The Poisson sphere in g*. Let g be a semisimple Lie algebra of compact type 
and let G be the compact, 1-connected Lie group integrating it. The linear Poisson 
structure (fl*,7r g ) is integrable by the symplectic groupoid (T*G,u; can ) =t g*, with 
source and target map given by left and right trivialization. All s- fibers of T*G 
are diffeomorphic to G and, since H 2 (G) — 0, we can apply Theorem [5] to any 
compact Poisson submanifold of g* . An example of such a submanifold is the 
sphere S(g*) C g* with respect to some invariant metric. We obtain the following 
result, whose formal version appeared in |12] and served as an inspiration. 

Proposition 2.3. Let g be a semisimple Lie algebra of compact type and denote 
by S(g*) C g* the unit sphere centered at the origin with respect to some invariant 
inner product. Then ir g is C p -C 1 -rigid around S(g*) and, up to isomorphism, it is 
determined around §(fl*) by its first order jet. 



RIGIDITY AROUND POISSON SUBMANIFOLDS 



9 



Using this rigidity result, one can describe an open around 7r§ := 7r g js( B ») in the 
moduli space of all Poisson structures on the sphere §(fj*). More precisely, any 
Poisson structure on S(g*) which is C p -close to its is Poisson diffeomorphic to one 
of the type fir§, where / is a positive Casimir. If the metric is j4ui(g)-invariant, 
then two structures of this type /i7r§, /27r§ are isomorphic if and only if f\ — f2°X* i 
for some outer automorphism x of the Lie algebra q. The details are given in |13j . 

2.6. Relation with stability of symplectic leaves. Recall from [5] that a sym- 
plectic leaf (S, wg) of a Poisson manifold (M, tt) is said to be C p -strongly stable 
if for every open U around S there exists an open neighborhood V C X 2 (U) of tt\u 
with respect to the compact-open C p -topology, such that every Poisson structure 
in V has a leaf symplectomorphic to (S, ojs). Recall also 

Theorem (Theorem 2.2 in [S]). If S is compact and the Lie algebroid As '■= T*M\g 
satisfies H 2 (As) — 0, then S is a strongly stable leaf. 

If tt is C p -C 1 -rigid around S, then S is a strongly stable leaf. Also, the hypothesis 
of our Theorem [T] imply those of Theorem 2.2 in loc.cit.. To see this, let P S be 
a principal G-bundle for which As — TP/G. Then 

H'(A s ) = H'(n(Pf). 

If G is compact and connected, and if H 2 (P) = 0, then H 2 (As) = 0, because 
H'{Q{P) G ) = H'{P) G C H'{P). 

On the other hand, H 2 (As) = doesn't imply rigidity, counterexamples can be 
found even for fixed points. Weinstein proves |22) that a noncompact semisimple 
Lie algebra g of real rank at least two is degenerate, so ir g is not rigid (see subsection 
12. 4[) . However, is a stable point for 7r fl , because by Whitehead's Lemma H 2 (g) = 0. 

According to Theorem 2.3 in [S], the condition H 2 (As) = is also necessary for 
strong stability of the symplectic leaf (S, ujg) for Poisson structures of "first order" , 
i.e. for Poisson structures which are isomorphic to their local model around S. So, 
for this type of Poisson structures, H 2 (As) = is also necessary for rigidity. 

For Poisson structures with trivial underlying foliation, we will prove below that 
the hypotheses of Theorem [1] and of Theorem 2.2 loc.cit. are equivalent. 

2.7. Trivial symplectic foliations. We will discuss now rigidity and linearization 
of regular Poisson structures tt on S x R™ with symplectic foliation 

{{S x {y},u v := n^^jyew, 

where lo v are symplectic forms on S. Let (S,u)s) be the symplectic leaf for y = 0. 
The local model around S corresponds to the family of 2-forms (see P3]) 

where 6suj y is the "vertical derivative" of uj 

5 S io y ■= ^(w ea )| e=0 = yiLOi + . . . + y n uj n . 

The local model is defined on an open U C S x l n containing S, such that j\{oj) y 
is nondegenerate along U H (S x {y}), for all y G R". Using the splitting T*M\s — 
T*S x R" and the isomorphism of J s : TS ^ T*S, we identify A s = TS © R". 
With this, the Lie bracket becomes (see |14| ) 

(5) [(X, /i, . . . , /„), (Y, gi,. . . , g n )] = 

= ([X,Y],X( gi ) - Y{f x ) + Wl (X, Y), . . .,X(g n ) - Y(f n ) + cj n (X, Y)). 
The conditions in Theorem [TJ become more computable in this case. 
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Lemma 2.4. If S is compact, then the following are equivalent: 

(a) As is integrable by a compact principal bundle P, with H 2 {P) = 0, 

(b) H 2 {A S ) 0. 

(c) The cohomological variation [Ss<-^] ■ R n — > H 2 (S) satisfies: 
(c\) it is surjective, 

(ci) its kernel is at most 1- dimensional, 

(c 3 ) the map H 1 (S) <g> R™ -> H 3 (S) , rj ® y i-> r\ A [^gWy] is infective. 

Proof. The fact that (a) implies (b) was explained in subsection !2.6l We show now 
that (b) and (c) are equivalent. The complex computing H'(As) is given by: 

tt k (A s ) := fl p (S) ® A 9 R", 
p+g=fc 

and the differential acts on elements of degree one and two as follows: 

i it 

eU s (a, ^2 Pi ® e i ,^7i J e i A e^) = 

i i,j 

i i j ij 

where ei, . . . , e„ is the canonical basis of R™. We will use the exact sequences: 
— > K — ► H 2 (A S ) — > A 2 R" — > H 2 {S) ® R", 

R" — ► ii 2 (S) — ► if — ► iT^S) <8> R" — > H 3 (S), 
where ii 2 (As) -> A 2 R™ sends [a, f3®u, vAw] i-» vAw; the map A 2 R™ -> ii 2 (S')(g)R 7! ', 
which we denote by [5sw] (8 Id, sends v A w H> [6sw„] <S> w — [^s^w] <8> w; the map 
R" -> ii 2 (S) is the map ii 2 (S') -S> if sends [a] ^ [a, 0,0]; the map K 

ii 1 (5') (X) R™ is [a, /?®!),0] H> w; and the last map is the one from (C3). When 
proving exactness, the only nontrivial part of the computation is at A 2 R™. This is 
based on a simple fact from linear algebra: 

(6) ker([J s w] ® Id) = A 2 (kcr[(5 s a;]). 

So, an element in ker( [5 s uj] <g) Id) can be written as a sum of the form ^v Aw, with 
v,w £ ker{5suj]. Writing 5s^ v = dr/, 5soj w = dO, for r\,9 e ^(S), one easily checks 
that 

(■q A 9,-q ® w — 9 ® v,v A w) £ tt 2 (A s ) 
is closed. This implies exactness at A 2 R™. So H 2 {As) vanishes if and only if (ci), 
(C3) hold and the map [Sgto] <g) Id is injective; by (O, injectivity is equivalent to (02). 

We prove that (b) and (c) imply (a). Part (ci) implies that, by taking a different 
basis of R", we may assume that [wi], . . . , [uj n ] E H 2 (S,Z). Let P — > S be a 
principal T n bundle with connection (9%, . . . ,9 n ) and curvature (— . . . , — LJ n ). 
We claim that the Lie algebroid TP/T n is isomorphic to As, and therefore As is 
integrable by the compact gauge groupoid 

P x T „ P^S. 

A section of TP/T n (i.e. a T™-invariant vector field on P) can be decomposed 
uniquely as 

where X is the horizontal lift of a vector field X on S, f±, . . . , f n are functions on 
S and dg i is the unique vertical vector field on P which satisfies 
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Using (J5J) for the bracket on As and that d9i = —p*(uii), it is straightforward to 
check that the following map is a Lie algebroid isomorphism 

TP/T n ^A s , X + Y, fide, -> (X, h, . . . , /„). 

Since T n acts trivially on H 2 (P), by (b), we obtain the conclusion: 

H 2 (P) = H 2 {P) T " = H 2 (TP/T n ) = H 2 (A S ) = 0. 

□ 

So, for trivial symplectic foliations, the conditions in Theorem[TJand in Theorem 
2.2 [5] coincide. 

Corollary 2.5. Let {u y G Q (S)}y^M n be a smooth family of symplectic structures 
on a compact manifold S. If the cohomological variation at 

[Sgu] : K" — ► H 2 (S), 

satisfies the conditions from Lemma \2.4\ then the Poisson manifold 

is isomorphic to its local model and C p -C 1 -rigid around S x {0}. 

In the case of trivial foliations we also have an improvement compared to the 
result of [7J; the hypothesis in there can be restated as (see [2]) 

• S is compact with finite fundamental group, 

• the map p* o [Sscj] : M™ — > H 2 (S) is an isomorphism, 

where p : S — > S is the universal cover of S. So, for example when S is simply 
connected, the difference between the assumptions is that, in our case, the map 
[Ssui] might still have a 1-dimensional kernel, whereas in [7] it has to be injective. 

3. Proof of Theorem [2] 

We start by preparing the setting needed for the Nash-Moser method: we fix 
norms on the spaces that we will work with, we construct smoothing operators 
adapted to our problem and recall the interpolation inequalities. Next, we prove 
a series of inequalities which assert tameness of some natural operations like Lie 
derivative, flow and pullback and we also prove some properties of local diffcomor- 
phisms. We end the section with the proof of Theorem [21 which is mostly inspired 
by H. 

Remark 1. A usual convention when dealing with the Nash-Moser techniques (e.g. 
[10]), which we also adopt, is to denote all constants by the same symbol. In the 
series of preliminary results below we work with "big enough" constants C and 
C n , and with "small enough" constants 9 > 0; these depend on the trivialization 
data for the vector bundle E and on the smoothing operators. In the proof of 
Proposition 13. 121 C n depends also on the Poisson structure tt. 

3.1. The ingredients of the tame category. We will use some terminology 
from |10j . A Frechet space F endowed with an increasing family of semi-norms 
{|| • ||n}n>o generating its topology will be called a graded Frechet space. A 
linear map T : F\ — > Fi between two graded Frechet spaces is called tame of 
degree d and base b, if it satisfies inequalities of the form 

\\Tf\\„ < C n \\f\\ n+d , Vn>6,/eF x . 

Let E — > S be a vector bundle over a compact manifold S and fix a metric on 
E. For r > 0, consider the closed tube in E of radius r 

E r := {v E E : \v\ < r}. 
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The space X m (E r ), of multivector fields on E r , endowed with the C™-norms || • ||„ )r 
is a graded Frechet space. We recall here the construction of these norms. Fix a 
finite open cover of S by domains of charts {\i ■ Oi and vector bundle 

isomorphisms 

X* : E\ 0i ^ R d x R D 
covering x%- We will assume that Xi{F r \Oi) = K d x B r and that the family 

{Of -xi'iBs)}^ 
covers 5* for all S > 1. Moreover, we assume that the cover satisfies 
(7) if Of 2 n O 3 / 2 ^ then O) C Of. 

This holds if x^ 1 '■ B± — > Oi is the exponential corresponding to some metric on S, 
with injectivity radius bigger than 4. 

For W G X'(E r ), denote its local expression in the chart Xi by 



dz h dzi 



l<i 1 <...<i p <d+D 

and let the C™-norm of W be given by 

||W||„, r := sup {\^-W^'- lp (z)\ :zeB 1 xB r ,0< \a\<n}. 

i,ii ,...,i p 

For s < r, the restriction maps are norm decreasing 

X'(E r ) 3 W m. W\ s := W\ Et G X'{E S ), \\W {s \\ n , s < \\W\\ n , r . 

We will work also with the closed subspaces of multivector fields on E r whose 
first jet vanishes along S, which we denote by 

X k (E r ) (1) := {W £ X k (E r ) : jf s W = 0}. 

The main technical tool used in the Nash-Moser method are the smoothing 
operators. We will call a family {St : F — > i r }t>i of linear operators on the graded 
Frechet space F smoothing operators of degree d > 0, if there exist constants 
C n ,m > 0, such that for all n, m > and / G F, the following inequalities hold: 

(8) \\St(f)\\n+m < t m+d Cn,m\\f\\rn W^t (/) — f\\n < t m C n . m || f\\ n+ra+d- 

The construction of such operators is standard, but since we are dealing with a 
family of Frechet spaces {X fe (-E r )}o<r<i, we give the dependence of C n<m on 7-. 

Lemma 3.1. The family of graded Frechet spaces {(X k (E r ), \\ ■ ||n,r)}re(o,i] h as a 
family of smoothing operators of degree d = 

{S r t :X k {E r ) ~^X k (E r )} t 

>l,0<r<l) 

which satisfy with constants of the form C n . m (r) = C n , m r~( n+m+k \ 
Similarly, the family {(X k (E r Y 1 \ \\ ■ ||n,r)}re(0,il has smoothing operators 

{SI* 1 : X k (E r )W __> X k (E r )^} t>h0<r < 1 , 

of degree d — 1 and constants C„, m (r) = C n ^ m r~( n+m+k+1 ^ . 

Proof. The existence of smoothing operators of degree zero on the Frechet space 
of sections of a vector bundle over a compact manifold (possibly with boundary) is 
standard (see [ID])- We fix such a family {S t : X k (E 1 ) — > X k (Ei)} t> i. Denote by 

V P :E R — ► E pR , n p {v) := pv, 

the rescaling operators. For r < 1, we define S% by conjugation with these operators: 

S r t : X k (E r ) — > X k (E r ), S r t := o S t o M *. 
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It is straightforward to check that /x* satisfies the following inequality 
\W* p {W)\\ n , R < max.{p- k , P n }\\W\\n,pR, V We X k (E pR ). 

Using this, we obtain that S[ satisfies © with C n , m (r) = C„, m r~ ( ™ +m+fe) . 

To construct the operators Si ' , we first define a tame projection P : X k (E r ) — >• 
£ fe (# r ) (1) - Choose {AJ^ a smooth partition of unit on S* subordinated to the 
cover {0}}? =1 , and let {AJ^ 1 be the pullback to E. For W G X k (E r ), denote its 
local representatives by Wi '■= Xi,*(W\E r \ .) G X fc (K d x B r ). Define P as follows: 

P(IU) := ^ • xZlW - T}{Wi)), 
where Tj(Wj) is the degree one Taylor polynomial of Wi in the fiber direction 

Ty(Wi)(x, y) := W&x, 0) + ^y^(x, 0). 

If W € X fe (P r )^ 1 \ then Tj(Wi) = 0; so P is a projection. It is easy to check that 
P is tame of degree 1, that is, there are constants C n > such that 

71+1,7-- 

Define the smoothing operators on X k (E r )^ as follows: 

Si' 1 : X k (E r )W X k (Er)W, Si' 1 := P o S r t . 

Using tameness of P, the inequalities for Si' are straightforward. □ 

The norms || • ||„ ir satisfy the classical interpolation inequalities with constants 
which are polynomials in r _1 . 

Lemma 3.2. The norms \\ ■ ||„, r satisfy: 

\\W\\ Lx <C n r k - l (\\W\\ k , r )^i(\\W\\ n ,r)^, Vr 6(0,1] 
for all < k < I < n, not all equal and all W G X'(E r ). 

Proof. By the interpolation inequalities from [TJ, it follows that these inequalities 
hold for the C n -norms on the spaces C°°(Pi x B r ). Applying these to the compo- 
nents of the restrictions to the charts (E r \ i ,Xi) of a multivector field in X'(E r ), 
we obtain the interpolation inequalities on X'(E r ). □ 

3.2. Tameness of some natural operators. In this subsection we prove some 
tameness properties of the Lie bracket, the pullback and the flow of vector fields. 

The tame Frechet Lie algebra of multivector fields. We prove that 

(X'(E r ), [-, •], {|| ■ || n ,r}n>o) 

forms is a graded tame Frechet Lie algebra. 

Lemma 3.3. The Schouten bracket on X'(E r ) satisfies 

\\[W, V]\\ n , r < C„r-(' l+1 )(||lU||o, r ||U||„ +1 , r + ||IU||„ +1 , r ||U|| ,,.), V r G (0, 1]. 

Proof. By a local computation, the bracket satisfies inequalities of the form: 

\\[W,V]\\ n , r <C n J2 W W hr\\Vhr- 

i+j=n+l 

Using the interpolation inequalities, a term in this sum can be bounded by: 

l|W||i,rll^llj,r < C„r-( n+1 )(||IU||o, r ||U||„ + l,r)^(||U|| , r ||IU||„ +1 , r )^T. 

The following simple inequality (to be used also later) implies the conclusion 
(9) x x y 1 ~ x < x + y, V x, y > 0, A 6 [0, 1]. 
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□ 

The space of local diffeomorphisms. We consider now the space of smooth maps 
E r — > E which are C 1 -close to the inclusion I r : E r <->> E. We call a map p : E r — > E 
a local diffeomorphism, if it can be extended on some open to a diffeomorphism 
onto its image. Since E r is compact, this is equivalent to injectivity of dp : TE r — > 
TE. To be able to measure C™-norms of such maps, we work with the following 
open neighborhood of I r in C°°(E r ; E): 

U r := {p : E r — > E : (p(E r pi) cE\ 0i ,l<i< N}. 

Denote the local representatives of a map <p £ U r by 

ipi-.BxxBr — > R d x R D . 

Define C n -distances between maps <p, if> £ U r as follows 

Q\a\ 

d(<p,ip) n ,r ■= sup {\-^—(<Pi - ipi)( z )\ ■ z G Bi x B r ,0 < \a\ < n}. 

l<i<N OZ a 

To control compositions of maps, we will also need the following C"-distances 

Q\a\ 

d(<p, ip) n ,r,S '•= sup {|tt— (<Pi ~ ipi)(z)\ ■ z € B s x B r ,Q < a < n}, 

l<i<N OZ a 

which are well-defined only on the open 

U 5 r := { X £U r : xiE^s) C E\ 0i }, 

Similarly, we define also on X'(E r ) norms || • \\ n ,r,S (these measure the C"-norms 
in all our local charts on Bs x B r ). 

These norms and distances are equivalent. 

Lemma 3.4. There exist C n > 0, such that V r € (0, 1] and S £ [1,4] 

d(<p,1p) n ,r < d(tp,1p) n ,r,5 < C n d(p,^)n,r, V <f,1p £ U r , 
\\W\\ n , r < \\W\\ n , r ,S < Cn||W|| n>r , V We X'(E r ). 

We also use the simplified notations: 

d(tp)„, r := d(lp, I r )n,r, d(?/>)n,r,<5 := d(lp, I r )n,r,5- 

The lemma below is used to check that compositions are defined. 

Lemma 3.5. There exists a constant 9 > 0, such that for all r £ (0,1], e £ (0, 1], 
S £ [1,4] and all <p £ U r , satisfying d(y)o, r < e9, 

We prove now that I r has a C 1 -neighborhood of local diffeomorphisms. 

Lemma 3.6. There exists 9 > 0, such that, for all r £ (0, 1], if ip £2A r satisfies 
d(V0l,r < &} then ip is a local diffeomorphism. 

Proof. By Lemma |3.5[ if we shrink 9, we may assume that 

(10) ^ r| oi)c£ |0 3 /2 , V(£|oj)c£|cv 

In a local chart, we write ip as follows 

ipi := Id + g t : B 4 x B r — > R d x R D . 
By Lemma |3.4[ if we shrink 9, we may also assume that 

(ID |* W | <5p i_ y ,v, 6 H 1 x5 r . 
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This ensures that Id + {dgi) z is close enough to Id so that it is invertible for all 
z G B\ x B ri thus, (di[j) p is invertible for all p G E r . 

We check now injectivity of ip. Let p l G E r \ i and p J G E r \ i be such that 
^{P 1 ) = Q = *l->(.P j )- Then, by HO]), q G £^, 3/2 n E, Q 3/2, so, by the property © of 
the opens, we know that Oj C Of, hence G E t \ a. Denoting by w l := Xi{p l ) 

and := XiiP*) we have that w l , iy J £ B4 x B r . Since w J + 9i{w l ) = + 
using (jlip . we obtain 

|to , '-iB , '| = \gi(w*) -gi(w 3 )\ = 



1 D+d 

""' (tw l + (1 - t)w j )(wl - w{)dt\ < ^w'-w^. 



fc=1 Cz fc Z 

Thus = w J , and so p l = p J . This finishes the proof. □ 

The composition satisfies the following tame inequalities. 

Lemma 3.7. There are constants C n > such that for all 1 < 5 < a < 4 and all 
< s < r < 1, we /lave i/iai if if <EU S and ip *EU r satisfy 

p(E a p,) c E r | 0f , V(£ r |o r ) c £| 0i , V < i < JV, 
and d(ip)i -s < 1, then the following inequalities hold: 
d(ip o <£>)„, Si <5 < d(V>)n,rw + d((p) ntS< s+ 

+ C n s~ n (d(ip) ntr ^d(cp)i tSt s + d(ip) rhSiS d(ip)i^ riCr ), 
d(ip o cp, ip) ntS< s < d(tp) n<SlS + 

+ C n s~ n (d(ip) n+ i t r t vd(cp)i, StS + d(^) n , Sj 5d(V))l,r, CT )- 
Proof. Denote the local expressions of if and ip as follows: 
ifi := ld + gt : B s x B s — > B a x B r , 

ipi := Id + fi : B a x B r — > R d x R D . 
Then for all z G Bg x B s , we can write 

^i{^i{z)) - z = fi(z + gi(z)) +gi(z). 

By computing the of the right hand side, for a multi-index a with |a| = n, we 
obtain an expression of the form 

«-t w + »Ji teW ) + E »jA taw) 2_4. w ...2_4. w , 

/3,7i,--->7p 

where the multi-indices in the sum satisfy 

p 

(12) l<P<n, l<|/3|,| 7j |<n, |/3| + £(| 7j | - 1) = n. 

3=1 

The first two terms can be bounded by d(ip) n ^ r ^ a + d(tp) n _ s ^. For the last term we 
use the interpolation inequalities to obtain 

\\fi\\\P\,r,a < CnS^UW^fuW^, 

\\9i\\ hi US < ay^ l7l| ||5dli^ll5 4 |lSf • 
Multiplying all these, and using (|T2"j) . the sum is bounded by 

Gr l S 1_ "||g i ||^y||/i||l !r ^||5i||„ !S ,5)~^(||/ 4 ||r l ,r, -||gd|l,s,5) 1 ^- 
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By Lemma l3.41 it follows that a < C, and dropping this term, the first part 

follows using inequality (0). 

For the second part, write for z £ Bg x B s : 

"4>i(<Pi(z)) - tpi(z) = fi(z + gi(z)) - fi(z) + gi(z). 

We compute of the right hand side, for a a multi-index with \a\ = n: 

P»7i>— i7j> 

where the multi-indices in the sum satisfy (fT2")l . The last term we bound as before, 
and the third by d(<p) n ,s,s- Writing the first two terms as 

d+D 



- 1 9 |Q|+1 /i 

they are less than Cd(ip)n+i,r,o-d((p)o. Si s. Adding up, the result follows. □ 

We give now conditions for infinite compositions of maps to converge. 
Lemma 3.8. There exists 6 > 0, such that for all sequences 

{<Pk £l*r k }k>i, fk-E rk — > E rh _ 1 , 
where < r < r^ < r^-i < J"o < 1, which satisfy 

(TO ■= ^ d (^fc)o,r fc < 0, <7„ := ^ d(^fc)n,r fc < OO, V U > 1, 
k>l k>l 

the sequence of maps 

ipk := <pi o . . . o ip k : E Tk — > E ro , 

converges in all C n -norms on E r to a map if) : E r — > E ro , with if) G U r . Moreover, 
there are C„ > 0, such that if d(<fk)i,r k < 1, V fc > 1, then 

d(V)„,r < e c "^"^C„r-V„. 
Proof. Consider the following sequences of numbers: 



d{fk)o,r k 



k 



Ez>id(w)o,n ^ 



We have that d(</?fc)o.r fe < £fc$- So, by Lemma 13.51 we may assume that 

''fc-llO; 



Pk(-E. fc |0?) C E r k -i\O t , Wk{E rh ^ h ) C „ , , - 



and this implies that 



So we can apply Lemma 13.71 to the pair tpk—i and (fk for all k > ko. The first part 
of Lemma I3.7I and Lemma I3.4I imply an inequality of the form: 

1 + d(^fc)n,7- h A < (1 + d^fc-i^.rfc-i.^-JCl + C'„r~ n d(( / 3 fc )„ !r J. 
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Iterating this inequality, we obtain that 

Si 

l + d(iJk)n,r k ,S k <(l + d(lpk )n,r h0 ,S k0 ) ]J (1 + C^'M^On.n ) < 

l=k + l 

< (l + d(^ )» 1 r fco)5feo )e c " r " n ^>*o d ^)- 1 < 

<(l + d(^ W fc0 , 5fc0 )e c "^"^. 
The second part of Lemma 13.71 and Lemma 13.41 imply 

d(lp k ,1pk-l)n,r < (1 + d{lpk-l)n+l : r k - 1 ,8 k ^ 1 )C n r~ n d((p k ) ntrk j k < 

< (l + d(^ )„ + i,r fcoAo )e c "+^"" CT "+ 1 C„r-"d(^ fc )„, rfe . 

This shows that the sum J2k>i d{^k, ipk-i)n,r converges for all n, hence the se- 
quence {i/'fc|£; r }fc>i converges in all C'-norms to a smooth function %p : E r — > E TQ . 
If d{ifk)i.r h < 1 for all fc > 1, then we can take ko = 0. So, we obtain 
fe 

l + d(Vfc)w» < Uil + Cnr-'-d^),^) < e O»r-»Ejd(w)«.r, < e C n r-^ n _ 
1=1 

Using the trivial inequality e x — 1 < xe x , for x > 0, the result follows. □ 

Tameness of the flow. The C°-norm of a vector field controls the size of the domain 
of its flow. 

Lemma 3.9. There exists 8 > such that for all < s < r < 1 and all X € X 1 (E r ) 
with \\X\\oj- < (r — s)9, we have that ip x , the flow of X , is defined for all t € [0, 1] 
on E s and belongs to IA S . 

Proof. We denote the restriction of X to a chart by Xi £ X 1 (M d x B r ). Consider 
p € B\ x B s . Let t £ (0, 1] be such that the flow of Xi is defined up to time t at p 
and such that for all r 6 [0, t) it satisfies <p T x . (p) £ B 2 x i? r . Then we have that 

\<PxM-P\ = \ [ d(<p Xz ( P ))\< f \Xi{<p T Xi (p))\dr < pri||o,r,a < C||X|| 0j r, 
J o Jo 

where for the last step we used Lemma I3T4"1 Hence, if ||X||o, r < (r — s)/C, we have 
that ip x . (p) € £>2 x -B r , and this implies the result . □ 

We prove now that the map which associates to a vector field its flow is tame 
(this proof was inspired by the proof of Lemma B.3 in |15]). 

Lemma 3.10. There exists 9 > such that for all < s < r < 1, and aZZ 

x e x 1 ^) with 

||X|| Oj r<(r-*)0, ||*||l,r<0 

we /iaue that ipx '■= fx belongs to U s and it satisfies: 

d(<px)o, s < C \\X\\ , ri d(<p x ) n , s < r 1 - n C„||jr|| WlP> V n > 1. 

Proof. By Lemma T3. 91 for t G [0, 1], we have that <^ <E £/ s , and by its proof that 
the local representatives take values in B2 x B r 

ip x . := Id + g l . t :BixB s — > B 2 x B r . 
We will prove by induction on n that satisfies inequalities of the form: 
(13) ll<?i,tlk S < C n P n (X), 

where P n (X) denotes the following polynomials in the norms of X 
P (X) = \\X\\ Q . r , P 1 (X) = ||X|| 1>r , 
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P n {X) - 2_j ll-^llii+l.r • • • ll-^niip+l.r- 

j'i + ---+jp=n-i 
l<] k <n-l 

Observe that (1131) implies the conclusion, since by the interpolation inequalities and 
the fact that ||X||i ir < 9 < 1 we have that 

imU+i,r < C n r-'*Q\X\\ 1 , r ) 1 -£iQ\X\\ ntr )£i < C n r-1*\\X\\$ ) 

hence 

P n {X)<C n r 1 - n \\X\\ ntr . 
The map g^j satisfies the ordinary differential equation 



dgi. 



dt y ' dt 
Since g+fi = 0, it follows that 

(14) 9i,t{z)= f X,{z + gi , T {z))dT. 

Jo 

Using also Lemma I3~4l we obtain the result for n = 0: 

||<7i,t||o,s < ||^"||o,r,2 < Co||^||o,r- 

We will use the following version of the Gronwall inequality: if u : [0, 1] — > R is a 
continuous map and there are positive constants A, B such that 

u(t) < A + B [ u(r)dT, 
Jo 

then u satisfies u(t) < Ae B . 

Computing the partial derivative of equation (1141) we obtain 



( z ) 



dZj 



Therefore, using again Lemma the function \-§f^(z)\ satisfies: 

<>!H ' t {z)\ < C\\X\\ ltr + (D + d)\\X\\ 1<r f* \^L{z)\dr. 



| r\ \ ~ / I — - II ll-l-i ' 1 \ 1 /ll ll-L,/ I I r\ 

dZj Jo dz 

The case n = 1 follows now by Gronwall's inequality: 

H^llo,. < C\X\^ D +*>\\XW^ < C\\X\\ hr . 
For a multi-index a, with |a| = n > 2, applying to (|14j) . we obtain 

2<|/3|<|a| 



y E^+^-^w*- 



where the multi-indices satisfy 

1 < |7Jb| < n - 1, (N - 1) + • ■ • + (|7pI - 1) + l/3| = n. 
Since |7fc| < n — 1, we can apply induction to conclude that 
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So, the first part of the sum can be bounded by 

(16) C„ ]T \\X\\ j0+hl P jl+1 (X)...P jp+1 (X). 

jO + ---+jp = n-l 

l<j fc <«-l 

It is easy to see that the polynomials Pk(X) satisfy: 

(17) P u+ i(X)P v+ i(X) < C UtV P u + v +i(X), 

therefore ([To]) can be bounded by C n P n (X). Using this in (|T5|) . we obtain 

\^^{z)\<C n P n {X) + {D + d)\\X\\ l , r j\^^{z)\dr. 

Applying Gronwall's inequality, we obtain the conclusion. □ 
We show now how to approximate pullbacks by flows of vector fields. 

Lemma 3.11. There exists 9 > 0, such that for all < s < r < 1 and all 

X € X 1 (i? r ) with ||X||o,r < (r — s)9 and ||Jf||i ir < 9, we have that 

\\<P*x(W)\\ n ,s < C n r- n (\\W\\ n>r + ||W r ||o,r||^||n+l,r) J 

hx{W) - W\.\\ n , a < Cnr-^-WlXWn+xjWW^ + ||X||l,r||W||„+i, r ), 

y x (w)-w ls -ip x ([x,w])\\ n , s < 

< C n r- 3 ^\\X\\ 0tr (\\X\\ n+2tr \\W\\ 2 ,r + ||X|| 2 , r ||W|| n+2>r ), 
for all W € X'(E r ), where C n > is a constant depending only on n. 
Proof. As in the proof above, the local expression of ipx is defined as follows: 

ipx t = Id + gi : Bi x B s — !• B 2 x B r . 
Let W £ X'(E r ), and denote by Wi its local expression on E r ^i : 

The local representative of (p x (W), is given for z G B\ x B s by 

(<P*xW)i = W/(z + gi {z))(Id + d^)- 1 — A ... A (Id + d^y 1 — . 

J az jl az jk 

By the Cramer rule, the matrix (Id + dzgi) -1 has entries of the form 

^(^(z^jdetild + d^y 1 , 

where \? is a polynomial in the variables Yj, which we substitute by ^-(z). There- 
fore, any coefficient of the local expression of ip x (W)i, will be a sum of elements of 
the form 

W/(z + (|^(*)) det(ld + d z9l )- k . 

When computing S-^- of such an expression, with |a| = n, using an inductive 
argument, one proves that the outcome is a sum of terms of the form 

dl/^WV 7 dMnV 1 d^a Vp 

(18) ~dz^ {z + 9 ^ z)) -d^t {z) ■ ■ ■ ~^^ det{U + d **> > 
with coefficients depending only on a and on the multi-indices, which satisfy 

0< P , 0<M, 1<| 7J |, |/3| + (| 7 i|-1) + ... + (|7pI -l)=n. 
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By Lemma \3. 101 ||<?i||i, s < C8, so, if we shrink 9, we find that 

det(ld + d z gi)~ x <2, Vzelix B s . 
Using this, Lemma \3. 41 for W and l^f 1 ^)! < C, we bound (fT5|) by 

■ • ■ llffi|lij>+i,s) 

where the indexes satisfy 

< j, < j k , j + + + j P = n. 

The term with p — can be simply bounded by C„||W|| nir . For the other terms, 
we will use the bound j fc +i,s < Pj k +i(X) from the proof of Lemma 13.101 The 
multiplicative property p7|) of the polynomials Pi{X) implies 

n 

\W* X {W)\\ n ,s < C n J2\\W\\j,rPn- j+ l(X). 
3=0 

Applying interpolation to Wj tT and to a term of P n -j+i{X) we obtain 
\\W\\,, r <C n r-i\\W\\l~ ]/n \\W\Vj^ 
\\X\\ Jk+1 , r < C n r-^||^|i;7 Wrl ||A||^ r < C n r-'*\\X\tll r - 
Multiplying all these terms and using ©, conclude the first part of the proof 

<C n r- n (\\W\\ n , r + \\W\\o, r \\X\\ 
For the second inequality, denote by 

W t :=^(W)-W ls eX'(E s ). 
Then Wo =0,W% = <P* X (W) - W\ s and f t W t = <f%{[X, W]), therefore 

<Px{W)-W\.= [ <p${[X,W\)dt. 
Jo 

By the first part, we obtain 

\\<p x (W) - W\ a \\ n>s < C T .r- n (||[X,W]||n,r+ ||[X,^]|| ,r||X|| n+1)r ). 

Using now Lemma 13.31 and that ||X||i. r < we obtain the second part: 

hx(W) - W {s \\ niS < Cnr-^HWXWn+lAWKr + ||TU|| 1 , r ||X|| n+1 , r ). 
For the last inequality, denote by 

W t :=&{W)-W\.-t<p%([X,W]). 
Then we have that W = and Wi = <p* x (W) -W\„- <P* X {[X, W}) and 

± Wt = -t^([X, [X,W]]), 



therefore 



Wi = - [ t<p%([X,[X,W\])dt. 
Jo 



Using again the first part, it follows that 

(19) HWill*,. < C n r- n (\\{X,[X,W}}\\ n , r + \\{X,{X,W}}\\oAX\\n+i,r) 
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Applying twice Lemma 13.31 for all k < n we obtain that: 

||[A, [^sT, W^]]|l fc ^ < C„(r--^+ 3 ^ IIJsriU+i^dlJSCllo^llT^ll!^ + 11^111,^11X^110^)+ 
+ r-( 2fc + 3 )||X|| , r (||X|| , r ||l^|U +2 , r + ||X|U +2:r ||VK||o, r )) < 

< C n r-( 2fe + 5 )||X||o, r (||W|| fe+ 2,r||^||o,r+||W|| 2 ,r||^||fe+2 ) r) ) 

where we have used the interpolation inequality 

||X|| 1 , r ||X|| fc+1)r < C n r- (fe+2) ||X|| , r ||X|| fc+2ir . 

The first term in (jf 9p can be bounded using this inequality for k = n. For k = 0, 
using also that ||A||i.,. < 9 and the interpolation inequality 

||X|| 2 , r ||X||„ +1 , r < C n r-(™ +1 )||X|| lir ||Al„ +2ir , 

we can bound the second term in (|19[) . and this concludes the proof: 

|| [X, [A, W]]|| , r ||X|| n+1 , r <C„r-("+ 6 )||iy|| 2 , r ||X|| . r ||X||„ +2ir . 

□ 

3.3. An invariant tubular neighborhood and tame homotopy operators. 

We start now the proof of Theorem [2] We will use two results presented in the 
appendix: existence of invariant tubular neighborhood (Lemma IA. II) and the Tame 
Vanishing Lemma (Lemma lC.ip , 

Let (M, 7r) and S C M be as in the statement. Let Q M be a Lie groupoid 
integrating T*M. By restricting to the connected components of the identities in 
the s-fibers of Q [16] . we may assume that Q has connected s-fibers. 

By Lemma lA.li S has an invariant tubular neighborhood E = vg endowed with 
a metric, such that the closed tubes E r := {v E E\\v\ < r}, for r > 0, are also 
(/-invariant. We endow E with all the structure from subsection 13. II 

Since E is invariant, the cotangent Lie algebroid of (E,ir) is integrable by G\e, 
which has compact s-fibers with vanishing H 2 . Therefore, by the Tame Vanishing 
Lemma and Corollaries IC . 21 IC . 31 from the appendix, and there are linear homotopy 
operators 

X\E) 4^ X 2 (E) 4^ X 3 {E), 
[Tr,h 1 (V)] + h 2 ([ir,V])=V, yvex 2 (E) 1 

which satisfy: 

• they induce linear homotopy operators h\ and h T 2 on (_E r ,7ri r ); 

• there are constants C„ > such that, for all r € (0, 1], 

ll' l l(-^0l|n 1 r ^ C„|| V||„_|_ Sir , HfojiOOIUir — ^"1^ l|n+s,rj 

for all X £ X 2 {E r ), Y £ X 3 {E r ), where s = [|dim(M)J + 1; 

• they induce homotopy operators in second degree on the subcomplex of 
vector fields vanishing along S. 

3.4. The Nash-Moser method. We fix radii < r < R < 1. Let s be as in the 

previous subsection, and let 

a:=2(s + 5), tj:=7(s + 4). 

Then p is the integer from the statement of Theorem^ Consider tt a second Poisson 
structure defined on Er. To tt we associate the inductive procedure: 
Procedure Po: Consider 

• the number 

t(n) := |k-^||"fl Q , 
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• the sequences of numbers 

e :=(R-r)/i, r a := R, t :=t(n), 

3/2 3/2 

£fc+i := e fc j r k+ i := r k - e k , t k+1 := t k , 

• the sequences of Poisson bivectors and vector fields 

{ir k 6 X 2 (E rk )} k > , {X k € X 1 (E rk )} k > , 
dchncd inductively by 

(20) 7T :=7f, TTfc+i := <Px k {nk), x k ■= S^(hl k (Tr k -^\r k )), 

• the sequence of maps 

ipk ■= fx ° ■ ■ ■ ° fx k ■ E rk+1 — > E R . 
By our choice of eo, observe that r < r k < R for all k > 1: 

oo oo oo 

£^=£4 3/2)fc <£*o + * = T^^-'-)> 

fc=0 fe=0 k=0 V 

For Procedure Po to be well-defined, we need that 
(Cfc) the time one flow of X k is defined as a map between 

fx k ■ E rk+1 — ► E Tk . 

For part (b) of Theorem^ we consider also the Procedure Pi, associated to 
7r such that j\ S n = iigTT. We define Procedure Pi the same as Procedure Po, 

except that in (|2"0"j) we use the smoothing operators . 

To show that Procedure Pi is well-defined, besides for condition (C k ), one 
should also check that h[ k (Tr k — ^\ Tk ) & X 1 (E rk )( 1 \ Nevertheless, this always holds 
by the property of h\ h , that it preserves the space of tensors vanishing up to first 
order, and the fact that j} s (irk ~ n \r k ) — 0. This last claim is proved inductively: 
By hypothesis, Kgi^o ~ 1t \r) — 0- Assume that jlg{i^k — n \r k ) = 0, for some k > 0. 
Then, as before, also X k G X 1 {E Tk Y 1 \ hence the first order jet of tpx k along S is 
that of the identity, and so 

j\s(^k+x) = .]\s( 7T k) = jjsM- 

Therefore j^ s (irk+i ~ i"|r*+i) = °- 

Procedure Po produces the map tp from Theorem [51 

Proposition 3.12. There exists 5 > and an integer d > 0, such that both proce- 
dures Pq and Pi are well defined for every tt satisfying 

(21) \\n-TT\\ p M<6(r(R-r)) d . 

Moreover, the sequence ij}u r converges uniformly on E r with all its derivatives to a 
local diffeomorphism ip, which is a Poisson map between 

tp : (E r ,ir\ r ) — > (E r ,tt), 

and which satisfies 

(22) mi,r<h-nl% 

If j^gir — ii g 7r, then ip obtained by Procedure Pi is the identity along S up to first 
order. 
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Proof. We will prove the statement for the two procedures simultaneously. We 
denote by Sk the used smoothing operators, that is, in P we let S k := and in 
Fi we let S k := ST"' 1 . In both cases, these satisfy the inequalities: 

\\Sk{X)\\ m ,r h < C m r- Cm t[ +1 \\X\\ m ^ rk , 

\\Sk{X) — X\\ m -i trk < C' m r ° m t k \\X\\ m+ i trk . 

For the procedures to be well-defined and to converge, we need that to = t(jf) is 
big enough, more precisely it will have to satisfy a finite number of inequalities of 
the form 

(23) t = t(n)>C(r(R-r))- c . 

Taking tt such that it satisfies (f2~Tj) . it suffices to ask that 8 is small enough and d 
is big enough, such that a finite number of inequalities of the form 

8((R-r)r) d <±{r{R-r)T 



hold, and then to will satisfy (|23|) . 

Also, since to > 4(i? — 7-) _1 = , it follows that 

t k > e* 1 , V k > 0. 

We will prove inductively that the bivectors 

Zk '■— TTfc — K\r k € X 2 {E rk ) 

satisfy the inequalities (ak) and (b k ) 

(a k ) \\Z k \\s,r k < tk", (bk) \\Zk\\p,r k < 

Since t^ a = \\Zo\\ P: r, (ao) and (b ) hold. Assuming that (ak) and (bk) hold for some 
k > 0, we will show that condition (C k ) holds (i.e. the procedure is well-defined up 
to step k) and also that (<ifc+i) and (bk+i) hold. 

First we give a bound for the norms of Xk in terms of the norms of Zk 

(24) \\X k \Ur k = \\Sk(H[ k (Z k ))\\ m ,r k < C m r- c ™t\ +l \\K[ k (Zk)\\ m -Lr k < 

<C m r- c ™t k +l \\Zk\\ m+s -i,r k , V 0<l<m. 
In particular, for m = /, we obtain 

(25) ||*k|L,r» <C m r- c "t 1 + m - a . 
Since a > 4 and tk > cT , this inequality implies that 

(26) ll^fclli.r* < Cr~ c t 2 k - a < Cr-%% 1 < 

Since t > Cr~ c /6, we have that ||Xfc||i, r)t < 8ek, and so by Lemma [3~9l (Ci.) holds. 
Moreover, Xk satisfies the inequalities from Lemma \'3 . 1 01 and Lemma [3.111 
We deduce now an inequality for all norms ||2'fe_)_i||„. rfc+1 , with n> s 

(27) ||Z fc+ i||„ irfc+1 = \\ip* Xk (Z k ) + ip* Xh (ir) - 7r\\ n ,r k+1 < 

< C n r~ C ™ (\\Zk\\ n ,r k + \\Xk\\n+l,r k \\Zk\\o,r k + || -Xfc||n+l,r fc || ""|| n+l,r fe ) < 

< C n r Cn (\\Zk\\n,r k + \\Xk\\n+l,r k ) < C n r C ™ t^ +2 || Z k \\ n,r k , 

where we used Lemma 13.111 the inductive hypothesis and inequality (|24p with 
m — n + 1 and I = s + 1. For n — p, using also that s + 2 + a < fa — 1, this gives 
(h+i)- 



||^+ilUr fe+1 < Cr~% +2+a < Cr-Hl a 1 < Cr-%H% +1 < t% +1 . 
To prove (afe+i), we write Z k+ i = V k + <p* Xk (Uk), where 

v k ■= V*x k (^) -K- (p*x k ([Xk,^}), U k := Z k - [TT,X k ]. 
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Using Lemma 13.111 and inequality (|25p , we bound the two terms by 

(28) ||T4|| s , rfc+1 < Cr- c ||7r|| s+2 , r J|X fe || , rfc ||X fe || s+2irii < Cr- C t^~ 2a , 

(29) ||^ 4 (l7fc)||a,r fc+1 < Cr- c (\\U k \U rk + \\Uk\\ ,r k \\Xk\\ s+ l,r k ) < 

<Cr- c (||C/ fe || s , rt +^ +2 -«||^||o.,J. 
To compute the C s -norm for Uk, we rewrite it as 

U k = Z k - [tt, X k ] = [tt, h[" (Z k )} + h r 2 » ([tt, Z k }) - [tt, X k ] = 

= [* t (I-S k )h?(Z k )]-±H?([Z k ,Z h ]). 
By tameness of the Lie bracket, the first term can be bounded by 
||[7r,(/-5 fc )/i?(^fc)]lk^ <Cr- c \\(I-S k )h^(Z k )\\ s+hrk < 

< Cr-Hlrv +2s \\h\*(Z k )\\ p ^ rk < Cr-H 2 -v +2s \\Z k \\ p , rk < 



< Cr- c t 2 k r p+2s+a = Cr-% 



and using also the interpolation inequalities, for the second term we obtain 

\\\h r 2 k {[Z k ,Z k ])\\ S!rk < C\\[Z k ,Z k ]\\2s, rk <Cr- c \\Z k \\o,r k \\Z k \\ 2 s+l,r k < 

p-(2» + l) 3+1 , p-(3s + 2) , 

<Cr-% a \\Z k \\ s ,/r \\ZkU7rt <Cr~% >~' 
Since — a(l + — prj-^-) < — §a — 1, these two inequalities imply that 

(30) \\U k \\ s , rh < Cr~% ia -\ 
Using (|25p . we bound the C°-norm of U k by 

(31) \\U k \\o, rh < \\Z k \\ 0irk + \\[ir,X k ]\\ 0>rk < t- a + Cr- c \\X k \\^ rk < Cr-%~ a . 
By (EHD, O, (EU and s + 4 - 2a = ~\a - 1, (a k+1 ) follows 

||^ + i|| s , I - fc+1 <Cr- c (<f 4 - 2 «+i^ tt - 1 )< 

< < (r- c C/t )t-J a < fg v 

This finishes the induction. 

Using (|2"T|) . for every n > 1, we find k n > 0, such that 

||^fc+l||n,r fc + 1 < ^fc +3 II ^k\\n,r k > V /c > 

Iterating this, we obtain 

*fc + H"^fclU,n, < (tk.tk-1 ■ ■ ■ tk n Y +3 \\Z kn \\n,r kn ■ 

On the other hand we have that 

.1+1+.. .+(§)*-*- . ,2(| ) fc+1 - fc " 3 

• • • £fe„ — t kn — t k n ~ t k- 

Therefore, we obtain a bound valid for all k > k n 

\\Z k \\ n ,r k — t k ^ \\Zk n \\n,r kn ■ 

Consider now m > s and denote by n := Am — 3s. Applying the interpolation 
inequalities, for k > k n , we obtain 

n-m m-s 3 j_ 

||^fc||m,r fc l£C m r Cm || Z k || s " r( . s ||^fe||n,rfe = C m T Cm \\ Z k \\ s,r k \\ Z k \\ n,r k < 

<-r> ,.-c m -*- a f + 2 ( s +3)i|| 7 113 _ r -c mf -(s+6)ii 7 113 
_^m' L k \\ Zj k rl \\n,r krl — ^m> L k \\ Zj k n \\n : r kn - 



RIGIDITY AROUND POISSON SUBMANIFOLDS 



25 



Using also inequality (pM|) . for I — s, we obtain 

||-^fc||m,rfc ^ C m r Cm t k ' r \\Zk\\m.,rk — ^ 5 (@mT ° m II ^k n \\n,r krl ^ • 

This shows that the series J2k>o \\^k\\m,r k converges for all m. By Lemma 13.101 
also J2k>o d(tpx k )m,r k+1 converges for all m and, moreover, by (HZb]) . we have that 

o-i :=X)d(^Jw<Crr- X;il^*l|i,r»<C?r-VE c *^*o 3 - 
fe>i fe>i it>i 

So, we may assume that ffi < and d((^x ( .)i. rfc+1 < 1. Then, by applying Lemma 
13.81 we conclude that the sequence ipk\r converges uniformly in all C"-norms to a 
map ip : E r — > En in U r which satisfies 

d(V0i,r < e Cr ~" ai Cr- c <n < e*°\ 2 < Ct^ 2 < t^ 1 . 

So (122)) holds, and we can also assume that d(ip)i. r < 0, which, by Lemma [3.61 
implies that -0 is a local diffeomorphism. Since i/'fcir converges in the C 1 -topology to 
tp and Vfe('f) = (di>k)~ 1 ('Xip k ), it follows that ^l(n)i r converges in the C°-topology 
to i/j*(tt). On the other hand, Z^\ r = ipl(ir)\r — converges to in the C°-norm, 
hence tp*(jr) =ir\ r - So "0 is a Poisson map and a local diffeomorphism between 

i> : (E r ,n lr ) — ► (E Rl n). 

For Procedure Pi, as noted before the proposition, the first jet of p>x k is that 
of the identity along S. This clearly holds also for ipk, and since tpklr converges to ip 
in the C 1 -topology, we have that ip is also the identity along S up to first order. □ 

We are ready now to finish the proof of Theorem [2] 

3.5. Proof of part (a) of Theorem [2j We have to check the properties from 
the definition of C p -C 1 -rigidity. Consider U :— mt(E p ), for some p € (0,1) and 
let O C U be an open such that S C O C O C U. Let r < R be such that 
O C E r C Er c U. With d and S from Proposition 13. 121 we let 

V := {W € X 2 (U) : \\W\ R - tt [r \\ Pi r < S(r(R - r)) d }. 

For tt £ Vo, define ife to be the restriction to O of the map ip, obtained by applying 
Procedure Po to tt\r. Then ip is a Poisson diffeomorphism (O, 7T|o) — > (U, tt), and 
by l|22[). the assignment tt i— > ip has the required continuity property. 

3.6. Proof of part (b) of Theorem [2j Consider tt a Poisson structure on some 
neighborhood of S with jlgTT = Kg^- First we show that tt and tt are formally 
Poisson diffeomorphic around S. By [12| . this property is controlled by the groups 
H 2 (As , S k (i/ s )) . The Lie groupoid G\s =4 5* integrates and is s-connected. 
Since v s C As is an ideal, by Lemma IB. II from the appendix, the action of As on 
v s (hence also on S k (v s )) also integrates to G\s- Since G\s nas compact s-fibers 
with vanishing H 2 , the Tame Vanishing Lemma implies that H 2 (As, S k (v s )) = 0. 
So we can apply Theorem 1.1 [12] to conclude that there exists a diffeomorphism 
ip between open neighborhoods of S, which is the identity on S up to first order, 
and such that j^p*(lr) = jf^ir. 

Let R £ (0, 1) be such that p*ijt) is defined on Er. Using the Taylor expansion 
up to order 2d + 1 around 5* for the bivector tt — if* (tt) and its partial derivatives 
up to order p, we find a constant M > such that 

\\ip*(n)\ r - v\ r \\p t r < Mr 2d+1 , V < r < R. 

If we take r < 2~ d 5/M, we obtain that \\ip*(rr)\ r - 7T| r || Pir < S(r(r — r/2)) d . So, we 
can apply Proposition ^. 121 and Procedure Pi produces a Poisson diffeomorphism 

T : (E r / 2 ,TT\ r/2 ) — > (E r ,ip*(7T)\ r ), 
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which is the identity up to first order along 5". We obtain (b) with ip = ip o r. 

Remark 2. As mentioned already in the Introduction, Conn's proof has been for- 
malized in [15l [17] into an abstract Nash Moser normal form theorem, and it is 
likely that one could use Theorem 6.8 |15) to prove partially our rigidity result. 
Nevertheless, the continuity assertion, which is important in applications (see [13]). 
is not a consequence of this result. There are also several technical reasons why we 
cannot apply [15) : we need the size of the C p -open to depend polynomially on r" 1 
and (R — r)^ 1 , because we use a formal linearization argument (this dependence is 
not given in loc.cit.); to obtain diffeomorphisms which fix S, we work with vector 
fields which vanish along S up to first order, and it is unlikely that this Frechet 
space admits smoothing operators of degree (in loc.cit. this is the overall assump- 
tion); for the inequalities in Lemma 13.71 we need special norms for the embeddings 
(indexed also by "5" ) , which are not considered in loc. cit. 

Appendix A. Invariant tubular neighborhoods 

In the proof of Theorem [2 we have used the following result: 

Lemma A.l. Let Q =4 M be a proper Lie groupoid with connected s -fibers and let 
S C M be a compact invariant submanifold. There exists a tubular neighborhood 
E C M (where E = TgM/TS) and a metric on E, such that for all r > the 
closed tube E r :— {v G E : \v\ < r} is Q-invariant. 

The proof is inspired by the proof of Theorem 4.2 from [TI5], and it uses the fol- 
lowing result (see Definition 3.11, Proposition 3.13 and Proposition 6.4 in loc.cit.). 

Lemma A. 2. On the base of a proper Lie groupoid there exist Riemannian metrics 
such that every geodesic which emanates orthogonally from an orbit stays orthogonal 
to any orbit it passes through. Such metrics are called adapted. 

Proof of Lemma \A.l\ Let g be an adapted metric on M and let E := TS 1 - C TgM 
be the normal bundle. By rescaling g, we may assume that 

(1) the exponential is defined on Ei and on int(i?2) it is an open embedding; 

(2) for all r £ (0, 1] we have that 

exp(E r ) = {p £ M : d(p, S) < r}, 

where d denotes the distance induced by the Riemannian structure. 
Let v £ Ei with \v\ := r and base point x. We claim that the geodesic j(t) := 
cxp(iu) at t = 1 is normal to exp(<9_E r ) at 7(1): 

r 7(1) exp(9^ r )= 7 (l) ± . 

Let S r (x) be the sphere of radius r centered at x. By the Gauss Lemma 

7(1)^ = T l{1) S r (x), 

and by (2), B r (x) C exp(£' r ), where B r (x) is the closed ball of radius r around 
x. Since B r (x) and exp(i? r ) intersect at 7(1), their boundaries must be tangent at 
this point, and this proves the claim. 

By assumption, S is a union of orbits, therefore the geodesies j(t) := exp(iu), 
for v € E, start normal to the orbits of Q, thus, by the property of the metric, 
they continue to be orthogonal to the orbits. Hence, by our claim, the orbits which 
intersect cxp(dE r ) are tangent to exp(dE r ). By connectivity of the orbits, exp(dE r ) 
is invariant, for all r € (0, 1). Define the embedding E c -> M by 

v 1 y exp(A(|w|)/|ti|v), 

where A : [0, 00) — ?> [0, 1) is a diffeomorphism which is the identity on [0, 1/2). □ 
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Appendix B. Integrating ideals 

We prove that representations of a Lie algebroid A on ideals can be integrated 
to representations of any s-connected Lie groupoid integrating A. This result was 
used in the proof of part (b) of Theorem [2J 

Representations of a Lie groupoid Q can be differentiated to representations of 
its Lie algebroid A, but in general, a representation of A does only integrate to 
a representation of the Weinstein groupoid of A (the s-fibcr 1-connected) and not 
necessarily to one of Q. 

We call a subbundle / C A an ideal, if p(I) — and T(I) is an ideal of the 
Lie algebra T(A). Using the Leibniz rule, one easily sees that, if I ^ A, then the 
second condition implies the first. An ideal / is naturally a representation of A, 
with A-connection given by the Lie bracket 

Vx(Y) :=[X,Y], XeT(A), Y eT(I). 

Lemma B.l. Let Q =4 M be a Hausdorff Lie groupoid with Lie algebroid A and 
let L C A be an ideal. If the s- fibers of Q are connected, then the representation of 
A on I given by the Lie bracket integrates to Q. 

Proof. First observe that Q acts on the possibly singular bundle of isotropy Lie 
algebras ker(p) — > M via the formula: 

(32) g ■ Y = 1 (g exp(eY)g- 1 ) |e=Q , V Y E ker(p) s{g} . 

Let N(I) C Q be the subgroupoid consisting of elements g which satisfy g ■ I s (g) C 
It( g )- We will prove that N(I) — Q and that the induced action of Q on / differen- 
tiates to the Lie bracket. 

Recall that a derivation on a vector bundle E — >■ M (see section 3.4 in [TT]) is a 
pair (D, V), with D a linear operator on T(E) and V a vector field on M, satisfying 

D(fa) = fD(a) + V(f)a, V«e T(E), f e C°°(M). 

The flow of a derivation (D,V), denoted by (fy, is a vector bundle map covering 
the flow ipy of V, (jtjjix) : E x — ¥ E^t ( x ), (whenever <fy(x) is defined), which is the 
solution to the following differential equation 

<j>° D =Id E , j t (cf > t D r(a) = ( ( f, t D r(Da), 

where ((/>%)* (a) x = ^(^U 1 ))"^^)' 

For X 6 r(j4), denote by <f?(X,g) the flow of the corresponding right invariant 
vector field on Q, and by ip t (X,x) the flow of p(X) on M. Conjugation by <^*(X) 
is an automorphism of Q covering (p (X, x), which we denote by 

CtfiX)) :Q-+Q, tfiX^gtfiX^ig))- 1 . 

Since C(4> t (X)) sends the s-fiber over x to the s-fiber over ip*(X, x), its differential 
at the identity l x gives an isomorphism 

AdtfiX)) : A x — > V(x,*), Ad{4>\X)) x := dC{<j>\X)\ Ax . 

On ker(p) x , we recover the action (1521 of g = ^(X, x). We have that: 

(33) j f (Ad(cl ) t (X))*Y) x = ^Ad^iX^iX^Y^x^ = 

= ~ (Ad(cj)^ t (X, ^(X, x)))Ad{(j) s (X, (p t ^ s (X, x)))Y v ts( X ,w)) | 8=0 = 
- M^-\X,tp\X,x)))[X,Y\^ Xia) = ^(^(JfJJ'C^y]),, 

for y € r(^4), where we have used the adjoint formulas from Proposition 3.7.1 in 
[TT] . This shows that Ad{4> t {X)) is the flow of the derivation ([X, -],p(X)) on A. 
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Since / is an ideal, the derivation [X, •] restricts to a derivation on J, and therefore 
I is invariant under Ad(cf> t (X)). This proves that for all Y € I x , 

Aditf (X, x))Y = 0* (X, x)-Y el. 

So N(I) contains all the elements in Q of the form ft (X, x) . The set of such elements 
contains an open neighborhood O of the unit section in Q. Since the s-fibers of Q 
are connected, O generates Q (see Proposition 1.5.8 in [TT]), therefore N(I) = Q 
and so (|32[) defines an action of Q on I. 

Using that <f)~ t {X, ip t (X,x)) — (f> l (X, a;) -1 , equation gives 

{<j>\X, x)- 1 ■ V (X;X) ) = [X, Y] x , VXe T(A), Y e r(/). 

ere |t=o 

Thus, the action differentiates to the Lie bracket (see Definition 3.6.8 [H]). □ 

Appendix C. The Tame Vanishing Lemma 

We prove now the Tame Vanishing Lemma, an existence result for tame homo- 
topy operators on the complex computing Lie algebroid cohomology with coeffi- 
cients. We have used this lemma for the Poisson complex in the proof of Theorem 
[2] The Tame Vanishing Lemma is very useful when applying the Nash-Moser tech- 
niques to various geometric problems, for another example see [14] . 

C.l. The weak C°°-topology. The compact-open C fc -topology on the space of 
sections of a vector bundle can be generated by a family of semi-norms, and we 
recall here a construction of such semi-norms, generalizing the construction from 
section [3] These semi- norms will be used to express the tameness property of the 
homotopy operators. 

Let W — >■ M be a vector bundle. Consider U := {Ui}i^i a locally finite open 
cover of M by relatively compact domains of coordinate charts {xi '■ Ui ^> R m }j £ j 
and choose trivializations for W^jj.. Let O := {0;}ie/ be a second open cover, with 
Oi compact and Oi C Ui. A section a e L(TV) can be represented in these charts 
by a family of smooth functions {(Ji : M. m — > R k }i £ j, where k is the rank of W. For 
U C M, an open set with compact closure, we have that U intersects only a finite 
number of the coordinate charts Ui. Denote the set of such indexes by Ijj C I. 
Define the n-th norm of a on U by 

For a fixed n, the family of semi-norms || • || n y-, with U a relatively compact 
open in M, generate the compact-open C"-topology on r(lV). The union of all 
these topologies, for n > 0, is called the weak C°°-topology on T(TV). Observe 
that the semi-norms {|| ■ ||„"[j}n>o induce norms on r(TV|;j). 

C.2. The statement of the Tame Vanishing Lemma. 

Lemma C.l (The Tame Vanishing Lemma). Let Q =t M be a Hausdorff Lie 
groupoid with Lie algebroid A and let V be a representation of Q . If the s-fibers of 
Q are compact and their de Rham cohomology vanishes in degree p, then 

H p (A,V) = 0. 

Moreover, there exist linear homotopy operators 

tt p - l {A, V) ^- n p {A, V) <^ n p+1 (A, V), 
dyhi + h 2 dy = Id, 

which satisfy 
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(1) invariant locality: for every orbit O of A, they induce linear maps 

W- l {A\ ,V\o) <^ W(A\o,V\o) ^ n p+1 (A lo ,V lo ), 
such that for all u G fl p (A, V), T) £ fl p+1 (A, V), we have that 

hi,o(u\o) = (hiu)\o, h 2 ,o(v\o) = {h2v)\o, 

(2) tameness: for every invariant open U C M, with U compact, there are con- 
stants C n ,u > 0, such that 

||frlMII„,[7 < Cn,u\n\ n+S ^ \\h2(v)\\ n ,U ^ C n,u\\v\\ n +a,W 

for all uj G n p (A lTI , V {W ) and n G QP+ 1 (A,- U , V^j), where 

s = [-rank(A)\ + 1. 

We also note the following consequences of the proof: 

Corollary C.2. The constants C n xs can be chosen such that they are uniform over 
all invariant open subsets of U . More precisely: if V C U is a second invariant 
open, then one can choose C n y '■— C n ,U> assuming that the norms on U and V are 
computed using the same charts and trivializations. 

Corollary C.3. The homotopy operators preserve the order of vanishing around 
orbits. More precisely: if O is an orbit of A, and uj £ Q P (A, V) is a form such that 
j\ o 0J = 0, then jh~ ) hi(u>) = 0; and similarly for h%. 

C.3. The de Rham complex of a fiber bundle. To prove the Tame Vanishing 
Lemma, we first construct tame homotopy operators for the foliated de Rham 
complex of a fiber bundle. For this, we use a result on the family of inverses of 
elliptic operators (Proposition which we prove at the end of the section. 

Let 7r : B — > M be a locally trivial fiber bundle whose fibers B x := 7r _1 (x) are dif- 
feomorphic to a compact, connected manifold F and let V — > M be a vector bundle. 
The space of vertical vectors on B will be denoted by T^B and the space of foliated 
forms with values in ir*(V) by tT(T*B,ic*(V)). An element u G Cl*(T T B,n*(V)) 
is a smooth family of forms on the fibers of ir with values in V 

u = WxjxeM, u x G fl'(B x ,V x ). 

The fiberwisc exterior derivative induces the differential 

d ® ly : il m (T*B, n*(V)) — ► Q'+^T^B, ir*{V)), 

d®I v {oj) x ■= (d® JyJ(w x ), x G M. 
We construct the homotopy operators using Hodge theory. Let m be a metric 
on T W B, or equivalently a smooth family of Riemannian metrics {m x } x ^M on the 
fibers of n. Integration against the volume density gives an inner product on f2* (B x ) 

(»7,0):= / m x (r,,d)\dVol(m x )\, n,6eW(B x ). 

Let 5 X denote the formal adjoint of d with respect to this inner product 

6 x :il m+l {B B )—>ST(B m ) i 
i.e. S x is the unique linear first order differential operator satisfying 

(d v ,6) = (v,s x 8), v n g n'(B x ),0e n' +1 (B x ). 

The Laplace-Beltrami operator associated to m x will be denoted by 
A x : (T(B X ) — > n'(B x ), A x := d6 x + 6 x d. 
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Both these operators induce linear differential operators on fl'(T^B, 7r*(V)) 

5®I V : n' +1 (T*B,ir*(V))^n m (T*B,Tr*(V)), 6®I v (uj) x := (5 X ® I Vm )(co x ), 

A(g>I v : ft* (T n B , tt* (V)) — > Ci* (T* B , tt* (V)) , A® J v (w) x := (A, ® IyJ(w a )- 
By the Hodge theorem, if the fiber F of B has vanishing de Rham cohomology 
in degree p, then A x is invertible in degree p. 

Lemma C.4. If H P (F) = t/ien i/ie following hold: 

(a) A (g Iv ^ invertible in degree p and its inverse is given by 

G®I V : fi p (T n B , 7r* ( V) ) — -> n p (T w B,7r*(V0), 
(GlgJvJCw)* := (A" 1 ® /v.)(w x ), iell; 
(fy i/ie maps i?i := (<5 <g ly) o (G <g 7y) and iJ 2 := (G ly) o (5 <g ly) 

are linear homotopy operators in degree p; 
(c) H\ and H 2 satisfy the following local-tameness property: for every relatively 
compact open U C M, there are constants C n jj > such that 

||#i(r?)lkB |T7 < C„,E/|M|n +S , B|I7 , V n G ^(T-B^tt*^)), 

||iJ 2 M||n,B |F < G„,c/||a;|| n+s , B| _, V w G f>P +1 (7™£ |T7 , 7T*(Vj F )). 

where s = [^dim(_F)J +1. Moreover, ifV C J7, i/ien one can take G„,y := C n jj. 

Proof. In a trivialization chart the operator A <g Iv is given by a smooth family of 
Laplace-Beltrami operators: 

A x : Vl p (F) k — > fF(F) fe , 

where fc is the rank of V. These operators are elliptic and invertible, therefore, by 
Proposition IC.71 A a T 1 (cj 2; ) is smooth in x, for every smooth family u> x G fl p (F) k . 
This shows that G (g iy maps smooth forms to smooth forms. Clearly G (g iy is 
the inverse of A (g Zy, so we have proven (a). 

For part (c), let U C M be a relatively compact open. Applying part (2) of 
Proposition IC . 71 to a family of coordinate charts which cover U, we find constants 
F) n jj such that 

\\G®I v (v)\\n, Bl - < D n ,uU\ n+s . ltB ^ Vr? G W(T*B im n*(V lTI )). 

Moreover, the constants can be chosen such that they are decreasing in U. Since 
Hi and H2 are defined as the composition of G (g ly with a linear differential 
operator of degree one, it follows that we can also find constants C n ,u such that 
the inequalities form (c) are satisfied, and which are also decreasing in U. 
For part (b), using that 5%, = 0, we obtain that A x commutes with dS x 

A x dS x = (dS x + S x d)dS x — dS x dS x + d x d 2 S x = dS x dS x , 

dS x A x = dS x (dS x + S x d) = dS x dS x + dS^d — dS x dS x . 

This implies that Aigly commutes with (d(gly)(#(gly), and thus G<gly commutes 
with (d(gly)(<5igly). Using this, we obtain that Hi and H 2 are homotopy operators 

I =(G ® ly)(A <8> ly) = (G ® Iv)((d ® ly)(<5 ® 7y) + (5 (g ly)(d (g Zy)) = 
= (d <8> ly)(<5 ® ly)(G <g ly) + (G ® ly)(<5 <8> ly)(d ® 7y) = 
= (d (g) ly)Hi + 77 2 (d (g) ly). 

a 
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C.4. Proof of the Tame Vanishing Lemma. Let Q =4 M be as in the statement. 
By passing to the connected components of the identities in the s-fibers [TB], we 
may assume that Q is s-connected. Then s : Q — > M is a locally trivial fiber bundle 
with compact fibers whose cohomology vanishes in degree p. We will apply Lemma 
IC.4I to the complex of s-foliated forms with coefficients in s*(V) 

(Sl'(T s g,s*(V)),d®I v ). 

Recall that the right translation by an arrow g £ Q is the diffeomorphism 
between the s-fibers above y — t(g) and above x — s(g), given by: 

r g : G y Q x , r g {h) := hg. 

A form cj £ £l'(T s Q, s*(V)) is called invariant, if it satisfies 

(r* (g> g)(uj hg ) = oj h , V h,g £ G, with s(h) = %), 

where r* (g> g is the linear isomorphism rj i— > g ■ 770 dr s . Denote the space of invariant 
V-valued forms on 5 by Q*(T S £, s*(V)) s . 

It is well-known that forms on A with values in V are in one to one correspon- 
dence with invariant V- valued forms on Q\ this correspondence is given by 

J : ST(A,V) — ► fT(T s )S *(V)), J(?7) g := (r^ ® jT 1 )^)). 

The map J is also a chain map, thus it induces an isomorphism of complexes (see 
Theorem 1.2 [33] and also [T3] for coefficients) 

(34) J : (Q,'(A,V),d v ) ^ (n'(T s G,s*(V)f ,d® I v ). 

A left inverse for J (i.e. a map P such that P o J = Id) is given by 

P : n*(T s £, s*(V)) — > ST (A, V), P(uj) x := w u(x) . 

Let (•, •) be an inner product on A. Using right translations, we extend (■, ■) to 
an invariant metric m on T S Q: 

m{X,Y) g := (dr g -iX,dr g -iY) m , VX,YeT°G. 

Invariance of m implies that the right translation by an arrow g : x — > y is an 
isometry between the s-fibers 

r g : (G y ,m y ) {Q Xl m x ). 

The corresponding operators from subsection IC.3I are also invariant. 

Lemma C.5. The operators 5®Iv, A® Iy, Hi and Hi, corresponding to m, send 
invariant forms to invariant forms. 

Proof. Since right translations are isometries and the operators S z are invariant 
under isometries we have that r* o S x = S y o r*, for all arrows g : x — > y. 
For n £ n*(T s g, s*(V)) g we have that 

(rl<Sg)(8<Sl v (rj))\g m = (r* o 8 X ® g)(n\g x ) = (i,or;®j)(^.) = 

= ($y ® Iv y )(r* g ® g)(<n\gj = (Sy ® Iv v )(v\g y ) = V®Iv)(rj)\g v - 

This shows that 5(g) I v (77) € fi*(T s 5, s*(V)) e . The other operators are constructed 
in terms of 8 7y and d ® Iy, thus they also preserve f2*(T s C/, s*(V r )) e . □ 

This lemma and the isomorphism (|34[) imply that the maps 

a" -1 ^, v) A- n p (A, v) 4^ ^ p+1 (A, v), 

h x := P o ff x o J, h 2 :=PoH 2 o J, 

are linear homotopy operators for the Lie algebroid complex in degree p. 

For part (1) of the Tame Vanishing Lemma, let lu £ Q P (A, V) and O C M an 
orbit of A. Since £/ is s-connected we have that s _1 (0) = i -1 (0) = C?|o- Clearly 
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J(w)| s -i(o) depends only on cj| . By the construction of Hi, for all x G O, we have 
that 

hi(u) x = Hi(J(uj))i x = (5 X o A" 1 ® 7yJ(J(w)| s -i (:r) )i x . 

Thus hi(w)\o depends only on uj\o- The same argument applies also to h 2 . 
Before checking part (2), we give a simple lemma: 

Lemma C.6. Consider a vector bundle map A : Fi — ¥ F2 between vector bundles 
Fi — » Mi and F2 — > M2, covering a map f : M 1 — > M2. If A is fiberwise invertible 
and f is proper, then the pullback map 

A* : T(F 2 ) — > T(Fi), A(a) x := 4^V/<*)) 

satisfies the following tameness inequalities: for every open U C M2, with U com- 
pact, there are constants C n jj > such that 

\\ A *(<r)WnJ=Hu) ^ Cn,u\\o-\\ n ,u, V a e r(F m ). 

Moreover: 

(a) if V C U is open, and one uses the same charts when computing the norms, 
then one can choose C ny u' '■= Cn,u,' 

(b) if N C M 2 is a submanifold and a € Y{F 2 ) satisfies jKf(c) — 0, then its 
pullback satisfies jK-ir N \(A* (o~)) — 0. 

Proof. Since A is fiberwise invertible, we can assume that Fi = f*(F 2 ) and A* — 
f*. By choosing a vector bundle F' such that F2 © F 1 is trivial, we reduce the 
problem to the case when F2 is the trivial line bundle. So, we have to check that 
/* : C° a (M 2 ) —> C°°(Mi) has the desired properties. But this is straightforward: 
we just cover both / _1 (U) and U by charts, and apply the chain rule. The constants 
C n .u are the C n -norm of / over / _1 (C7), and therefore are getting smaller if U gets 
smaller. This implies (a). For part (b), just observe that j^ x ^{cr) — implies 

j£(<7°/)=0. □ 

Part (2) of the Tame Vanishing Lemma follows by Lemma IC.4I (c) and by ap- 
plying Lemma IC.6I to J and P. Corollary IC.2I follows from Lemma IC.6I (a) and 
Lemma fC.4l (c). To prove Corollary IC. 31 consider uj a form with jhyUJ = 0, for O 
an orbit. Then, by Lemma IC.6I (b), it follows that J(u>) vanishes up to order k 
along t _1 (0) = Q\ . By construction, we have that Hi is C°°(M) linear, there- 
fore also Hi(J(u)) vanishes up to order k along Q\ ; and again by Lemma [C.6I fb) 
hi{uj) = u*(Hi(J(lS))) vanishes along O = u~ 1 (Q\q) up to order k. 

C.5. The inverse of a family of elliptic operators. This subsection is devoted 
to proving the following result: 

Proposition C.7. Consider a smooth family of linear differential operators 

P x : T(V) — ► T{W), xeR m , 

between sections of vector bundles V and W over a compact base F. If P x is elliptic 
of degree d > 1 and invertible for all x € W 71 , then 

(1) the family of inverses {Q x := P~ } X £K™ induces a linear operator 

q : r(p*(w)) — > r(p*(v)), K} ie i» ^ {Q x u x } x ^, 

where p*(V) := V x R m F x R m and p*(W) := W x R m -+ F x R m ; 

(2) Q is locally tame, in the sense that for all bounded opens U C M. m , there exist 
constants C n> jj > 0, such that the following inequalities hold 

H<3MIL,.FxI7 < Cn.t/IML-M-l^xF' Vw e r (P*W)|Fxtf)> 
with s = l^dim(F)\ +1. If U' C U , then one can take C 7ly u' '■— Gn,V- 
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Fixing C™-norms || • |j„ on r(V), we induce semi-norms on T(p*(V)): 

II II ll 9 '"'^!! 

0<k+\a\<n x£U ax 

where lu G T(p*(V)) is regarded as a smooth family u = {lu x G r(V)} xe gm, Simi- 
larly, fixing norms on T(W / ), we define also norms on T(p*(W)). 

Endow T(V) and T(W) also with Sobolev norms, denoted by {| • | n }ri>o- Loosely 
speaking, measures the L 2 -norm of w and its partial derivatives up to order n 
(for a precise definition see e.g. [H]). Denote by H n (T(V)) and by H n (T(W)) the 
completion of T(V), respectively oiT(W), with respect to the Sobolev norm | • |„. 

We will use the standard inequalities between the Sobolev and the C"-norms, 
which follow from the Sobolev embedding theorem 

(35) |M|„ < C n \ 

for all tu G r(V) (resp. T(W)), where s — [^dim(F)\ + 1 and C n > are constants. 

Since P x is of order d, it induces continuous linear maps between the Sobolev 
spaces, denoted by 

[P x ]n ■ H n+d (T(V)) — > H n (T(W)). 
These maps are invertible. 

Lemma C.8. // an elliptic differential operator of degree d 

P : T{V) — > T(W) 

is invertible, then for every n > the induced map 

[P] n : H n+d (T(V)) — ► H n (T(W)) 

is also invertible and its inverse is induced by the inverse of P. 

Proof. Since P is elliptic, it is invertible modulo smoothing operators (see Lemma 
1.3.5 in [5]), i.e. there exists a pseudo-differential operator 

* : T(W) — > r(v), 

of degree — d such that "fP — Id = K\ and P^ — Id = K2, where K\ and K2 are 
smoothing operators. Since \t is of degree — d, it induces continuous maps 

[*]„ : H n {T{W)) — > H n+d (T(V)), 

and since K\ and K2 are smoothing operators, they induce continuous maps 

[K x ] n : H n {T{V)) — > r(vo, [K 2 ] n : #«(iW) — > r(w). 

We show now that [P]„ is a bijection: 

injective: For n 6 .Ef n+( j(r(V)), with [P]„?7 = 0, we have that 

n = (id - m n [PU)v = -[KiUv G r(y), 

hence [P] n ?7 = P77. By injectivity of P, we have that 77 = 0. 
surjcctive: For 6 G H n (T(W)), we have that 

([P]n[*]n-H)fl=[lf 2 ] B eGr(WO, 

and, since P is onto, [-K^Jn^ = Pr\ for some r\ G r(V). So # is in the range of [P] n : 

e = [P]«([*]„(9 - r?)- 

The inverse of a bounded operator between Banach spaces is bounded, therefore 

|[P]-^|„ +d <C n |e| n , 0e jT n (T(W)), 

for some C n > 0. For 9 G T(W / ), this show that P _1 induces continuous maps 

[P- X ] n : H„(T(W0) — ► H n+d (T(V)). 

Now [P _1 ]„ and [P]^ 1 coincide on (the dense) r(W), so they must be equal. □ 
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For two Banach spaces B\ and B 2 denote by Lin(Bi,B 2 ) the Banach space of 
bounded linear maps between them and by Iso(Bi, B 2 ) the open subset consisting 
of invertible maps. The following proves that the family [P x ] n is smooth. 

Lemma C.9. Let {P x }xem. m be a smooth family of linear differential operators 
of order d between the sections of vector bundles V and W, both over a compact 
manifold F. Then the map induced by P from W 11 to the space of bounded linear 
operators between the Sobolev spaces 

R m 3x^ [P x ) n e Lin(H n+d (T(V)),H n (T(W))) 

is smooth and its derivatives are induced by the derivatives of P x . 

Proof. Linear differential operators of degree d form V to W are sections of the 
vector bundle Hom(J d {V); W) = J d (V)* <g> W, where J d {V) -> F is the d-th jet 
bundle of V. Therefore, P can be viewed as a smooth section of the pullback 
bundle p*(Hom( J d {V); W)) := Hom{J d {V):W) x R m -> F x R m . Since F is 
compact, by choosing a partition of unity on F with supports inside some opens on 
which V and W trivialize, one can write any section of p*(Hom( J d (V); W)) as a 
linear combination of sections of Hom( J d (V): W) with coefficients in C°°(IR' n x F). 
Hence, there are constant differential operators Pi and ft G C°°(R m x F), such that 

So it suffices to prove that for / e C°°(R m x F), multiplication with f(x) 

»{f{x)) : T(W) — ► T(W), 

induces a smooth map between 

R m 3x4 [n(f(x))] n e Lin(H n (T(W)),H n (T(W))). 

First, it is easy to see that for any smooth function g <G C°°(IR m x F) and every 
compact K C R m , there are constants C n (g,K) such that |g(x)cr|„ < C n (g, K)\a\ n 
for all x G K and a e H n (T(W)); or equivalently that the operator norm satisfies 
\H9( x ))]n\o P < C n {g, K), for xe K. Consider now / e C°°(R m x F) and x e K m . 
Using the Taylor expansion of / at x, write 

m df 

f(x)-f(x)-^2—(x)(Xi-Xi)= ^ ( X i-Xi)( X 3-Xj) T i' J ( X ), 
i — 1 1 1 <i<j<rri 



where Tl J e C°°(M m x F). This implies that 



IH/0))]n - [M(/(*))] n - JZ^^r (^))]"(^ -^Olop < 

i=l aa;l 

<|x-x| 2 X! C n (T^,K), 

l<i<j<m 

for all x e if, where if is a closed ball centered at x. This inequality shows that 
[fj,(f(x))] n is C 1 in x, with partial derivatives given by 

£k/)i. - )i.. 

The statement follows now inductively. □ 
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Proof of Proposition \UPf[ By Lemma lC.8[ Q x = P x 1 induces continuous operators 

[Qx]n ■ H n {T{W)) — ► H n+d (T(V)). 
We claim that the following map is smooth 

R m 3x^ [Q x ] n e £m(ff„(r(140), # n+d (r(i/))). 
This follows by Lemma IC.8I and Lemma IC.91 since we can write 

[Qx]n = [P x }n = [Px] n = 1 ( [Px } n ) j 

where i is the (smooth) inversion map 

i : Iso(H n+d (T(V)),H n (T(W))) — ► 7«o(lf n (r(W)), H n+d (r(V))). 



Let w = {wxjjgim € r(p*(W)). By our claim and Lemma IC. 91 it follows that 

g if n+d (r(y)) 

is a smooth map. On the other hand, the Sobolev inequalities ([55)1 show that the 
inclusion T(V) —> T n (V), where r n (V) is the space of sections of V of class C n 
(endowed with the norm || • || n ), extends to a continuous map 

H n+S (T(V)) — > T n (V). 

Since also evaluation ev p : T n (V) — > V p at p £ F is continuous, it follows that the 
map x <— > Q x ui x {p) € Vp is smooth. This is enough to conclude smoothness of the 
family {Q x u! x } X £r™, so Q{oS) £ T(p*(V)). This finishes the proof of the first part. 

For the second part, let U C W n be an open with U compact. Since the map 
x i y [Qx]n is smooth, it follows that the numbers are finite: 

gW\ 

(36) D n ,m,u := sup sup \-^-^[Q x ] n \o P , 

x£U \a\<m OX 

where | • | op denotes the operator norm. Let uj = {w I } je |j be an element of 
F(p*(W / )| Fx jj). By Lemma £23 also the map x i-> [u x ]„ € H n (T(W)) is smooth 
and that for all multi-indices 7 

gh\ gh\ 

Let k and a be such that \a\ + k < n. Using (|55|) . (I5B1 we obtain 

g\a\ g\<*\ g\a\ 

\\-Q—^(Qx<*>x)\\k < llg^CQxW-cjUfc+d-i < Ck+d-i\-Q^;(Qx^>x)\k+s+d-i < 

^ ( a \ a 171 

<Cfc+d-l 2^ \ R \\j7-pQxJ—^ x \k+s+d-l< 



/3 1 )'dxP^ x dx~t 

gh\ 



^ ( a \ 

< Cfc+rf-1 I ^ )-Dfc+s-l,|/3|,£/|^-^W x | fc+s _i < 

< Cfc+d-iCfe+s-i 2^ I )-Dfc+s-l,|^|,£/||^-^Wx||fe+s-l < 

/3+-y=a ^' ^' ' '' 

< C , , i: [/||w|| n+s _ 1 FxF . 
This proves the second part: 

H<3HILfxZ7 < ^.t/lklln+s-l.Fx!/- 

The constants P>n,m,u are clearly decreasing in U, hence for U' C U we also have 
that C„.[/' < C„ u- This finishes the proof of Proposition [U77] 
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